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Chapter 1

Categories

Introduction

These notes are written specifically to accompany the class ”introduction to
category theory” from the master LMFT of Université Paris Cité. The notes
themselves are mostly self contained, and should be accessible to anyone who
knows set theory, and with some basic notions of algebra for some examples
(some knowledge about groups and vector spaces is enough).

Many exercises are spread along the text. While it may be too time con-
suming to do all of them, the reader is highly encouraged to do at least a few
of them in each chapter. They should all be doable with only the knowledge
contained in the notes up to the point that they appear. Exercises appearing
in proof tend to be more time consuming than others, but mainly due to the
repetitiveness of checking definitions.

Any reader who would want to compare to a classical reference should first
refer to | ]. An important difference in point of view is that, in these notes,
we do not consider (nor even define) non-locally small categories. Those notes
are constructed as follows.

Chapter 1 is concerned with categories themselves. In this chapter, we define
categories, and mention a few elementary constructions that can be done with
just categories.

Chapter 2 introduces functors and natural transformations. After having
defined categories, we will see how we can relate them to each other. In par-
ticular, we will introduce the category of all small categories (Definition 2.1.3).
We conclude the chapter with the notion of equivalence of categories, allowing
us to identify categories (Section 2.3).

In Chapter 3, we introduce adjunction, and study some important examples.
(See Example 3.2.4, detailing the adjunction between the category of small cate-
gories and the category of directed graphs). Adjunctions will appear throughout
the rest of those notes, and we take some time to prove that adjoint functors are
essentially unique (Section 3.3) and to prove a particular interaction between
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6 CHAPTER 1. CATEGORIES

adjunctions and commutative diagrams (Section 3.4).

In Chapter 4, we finally introduce limits and colimits of diagrams. We first
take some time to define and study limits in details (Sections 4.1, 4.2 and 4.3).
Then, in section 4.4, we explain how to define colimits by dualizing the definition
of limits, and recall the results that are obtained for free this way. We conclude
with Section 4.5 which details a few concrete computations.

1.1 What is a category?

The central notion in this course is that of a category. Before giving a definition,
let us give some motivation coming from the idea of universal properties.

Motivation 1.1.1 (Product of sets). Let X and Y be two sets. If we want to
define the product X x Y, we need to give a specific model for it. In classical
set-theory, we may choose to define it as follows

XxY={(ab)|acX, beY}

where, (a,b) is represented by the set {{a}, {a,b}}. Now, observe that this new
set comes with two maps

X & xxy 2y (1.1)

Indeed, given a pair (a,b), one can recover the element a = pry(a,b) € X and
the element b = pry-(a,b) € Y. Furthermore, the data of pry(c) and pry-(c)
completely determines ¢ € X x Y. In fact, we can say that the set X x Y,
together with those two maps, satisfy a certain universal property. Let us
make this precise. Assume that we are given the data of two maps f: Z — X

andg: Z —>Y :
Z
% K (1.2)
X Y

Then, we can define, for any z € Z, h(z) = (f(z),9(2)) € X x Y. This gives a
map h: Z — X xY. But now, observe that for any z € Z, we have the relations
pry(h(z)) = f(z) and pry (h(z)) = g(z). This can be summarized by saying
that the following diagram is commutative, meaning that any two ways of
going from a set to another set by following arrows in the graph must give the
same result.

P (1.3)
X4—XXY —Y
Prx Pry

And finally, observe that h: Z — X XY was the unique map with the property
of making the diagram (1.3) commutative. Thus, we can make explicit the
universal property that X x Y satisfy. It is defined, together with two maps,
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giving a diagram of the form (1.1), and for any diagram of the same shape,
(1.2), there exist a unique map, h, making the diagram (1.3) commutative.

In fact, this universal property is enough to define the product X x Y in the
following sense. Consider some other model of the product of sets. For example,
set

X x'Y={(a,b) |ae X, beY},

where (a,b)’ = {{a},{b,0}}. Clearly, X x Y and X x’Y are not equal, since
they do not have the same elements. However, note that X x’Y can also be
equipped with two projections

/ !
pr pr
X+ Xx'y -5 Y

Furthermore, the same reasoning as before shows that for any diagram of the
form (1.2), there exists a unique map h’': Z — X x’Y making the following
diagram commutative

Z
TN
X+—XX'Y —Y

Prx Pry

In particular, X x’Y satisfies the same universal property as X x Y

Ezercise 1. Use the universal property of the product to prove that X x Y and
X x'Y are in bijection. Convince yourself that among all possible bijections,
one of them (the obvious one) is the correct bijection.

Motivation 1.1.2. What we have seen is that, up to some bijection, the product
of X and Y is determined by the universal property it satisfies. We will
see later, in chapter 4, that there is indeed a unique bijection between two
possible models that is better than the other. In a certain sense, we do not
even need a specific model for the product, since we know everything there
is to know about it (or rather about maps going into it) through its universal
property. This is the core philosophy of category theory. We will no longer care
about the nature of mathematical objects, but only about how they relate to
one another. In that respect, we will forget about equality between objects, and
instead consider two objects to be the same, interchangeable, isomorphic, if
they relate to other objects in the same way. This can happen, as we have seen,
if they satisfy the same universal property. This point of view puts the entire
focus on morphisms between objects, and leads to the notion of a category.

Definition 1.1.3. A category, C is the data of
e a collection of objects (a class), denoted obj(C),

e for any two objects in C, X and Y, a set of morphisms from X toY,
Home(X,Y). Instead of writing f € Home(X,Y), we will often simply
say that f: X =Y, is a morphism in C. Morphisms are also often called
arrows or maps.
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e [For any object of C, X, a chosen morphism, Idx € Home(X, X) called
the identity of X,

o for any triple of objects in C, X,Y, Z, a composition law, i.e. a function

—o—: Home(Y,Z) x Home(X,Y) — Home (X, Z)
(9. f) = gof

diagrammatically, this means that for any pair of composable mor-
phisms, f and g, represented in the following diagram

We have chosen some specific morphism go f: X — Z, represented as a
dashed arrow in the above diagram.

This data must satisfy two axioms :

e associativity of composition: for any triple of composable arrows f: X —
Y,9:Y = Z and h: Z — W, we must have

ho(gof)=(hog)of & Home(X,W)

e identity, for any arrow f: X =Y in C, we must have
foldx =f ldyof=f

Ezxample 1.1.4. Let us now list a few illuminating examples of categories.
1. Set, the category of sets.

o Its objects are the sets. (Note that this collection of objects does not
form a set itself, but instead, a class).

o Given two sets X and Y, Homge(X,Y") is the set of set-theoretic
functions from X to Y
e Given a set X, the identity of X, Idx € Homge (X, X) is the identity

function, sending any element of X to itself, i.e. Idy (z) = z for all
zeX.

e The composition of two morphisms f: X — Y and g: Y — Z is
defined as the function g o f sending = € X to g(f(z)) € Z.

What we know of set-theory tells us that this composition is associative
and that the identity is a neutral element for the composition.
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. We may consider sub-categories of Set (see section 1.4). For example,

FinSet, the category of finite sets. Its objects are the finite sets, and given
X and Y two finite sets, we may define Hompinge (X, Y) = Homget (X, Y).
Then, we can define its compositions, and the identities as those obtained
by restricting those of the category Set.

. Another interesting sub-category of Set would be Set™. Its objects are the

same as those of Set, but given two sets X and Y the morphisms from X to
Y are given by Homg. i (X,Y) = {f € Homge,(X,Y) | f is a bijection}.
Since Idy is a bijection, given any set X, we still have identities in Set"".
In addition, since the composition of two bijections is still a bijection, we

can also restrict the composition in Set to SetV.

. Grp, the category of groups.

e its objects are the groups,

e given G and H two groups, the set of morphisms Home,(G, H) is
the set of group homomorphisms from G to H.

e the identity of a group G is the identity homomorphism,

e composition is that of group homomorphisms.

Once again, we can deduce from what we know of sets and functions
between sets that the axioms of a category are satisfied.

. Given a field k (for example, k = R), we can consider the category k—Vect

of k-vector spaces, whose objects are k-vector spaces, and whose mor-
phisms are k-linear maps. Once again, identity and compositions are clear
from context, and it is easy to check that the axioms are satisfied.

. Contrast the above (slightly repetitive) definitions with the following.

Consider k—Mat the category, such that
e its object are the integers n € N,
e given m,n € N, we define
Homk—Mat(m; Tl) = Mm,n(k)7

the set of m x n matrices with coefficients in the field k.

e Given, n € N, the identity Id,, € Homg_pat(n,n) is the identity
matrix of size n, (with 1’s on the diagonal and 0’s everywhere else).

e the composition of N € Homy_nat(m,n) with N € Hom(n,p) is
given by the product of matrices NN € Homy_npat (m, p)

Ezercise 2. Check that k—Mat satisfies the two axioms of a category.

. Consider now some pre-ordered set P. i.e. some set P and some relation

on P, 7<” assumed to be transitive and reflexive. Now, we can define a
category P where
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e its objects are the elements of P.

e given p,q € P, Homp(p,q) is either a singleton, if p < ¢ or the
emptyset if p £ q.

e Given p € P, Id, is the unique element in Homp(p,p).

e given p,q,r € Pand two arrows f: p —qandg: g > r,gof: p—ris
the unique element in Homp (p, ). Indeed, this makes sense since the
existence of f and g implies that p < ¢q and ¢ < r, hence, transitivity
of the order relation means that p < r. In turn, there must indeed
be a unique element in Homp(p, ).

Now, to see that the axioms are satisfied, observe that when compositions
exist, they always return an element of a singleton. And any two elements
produced in a singleton must be equal, which gives the needed equalities.

8. In the same vein as above, we can associate a category M to any monoid
M.

it has a single object x,
Hom (%, %) = M

Id. = e, the neutral element of M,

e given a: * — *x and b: * — * define the composition b o a as the
product ba € M.

The axioms of a category then follow from those of a monoid.

9. But we may also define a category by hand”. For example, the empty
category (), with no objects and no morphisms.

10. The category 0 with a single object %, and a single morphism Id, €
Homg (, *).

11. the category 1 with two objects, A and B and exactly three morphisms
Idg: A — A, Idg: B — B and f: A — B. One can check that there is
only one possible way to define the composition.

Remark 1.1.5. The category we have seen above can be roughly separated into
three kinds. First, there are categories containing information about all objects
of a certain kind we may be interested in. We will often call those category of
objects. Those could be the category of sets, the category of groups, or any other
kind of mathematical structure. Those are examples 1, 2, 3, 4 and 5. Note that
in the case of example 3, we may instead think of it as a category of a certain
type of morphism, namely, the category of bijections (or to be more specific, of
set-bijections). Then, there are examples of mathematical objects than can be
encoded as categories themselves, such as pre-ordered sets or monoids, in
examples 7 and 8. We may refer to one of those as ”the pre-order P, seen as
a category”. Finally, we may consider elementary categories, with few objects
and morphisms, where everything is defined by hand, such as the case of 9, 10
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and 11. This "classification” may be helpful in navigating examples initially,
though keep in mind that it is not exhaustive. Indeed, example 6 is not of any
of the three kinds. As we keep seeing more involved examples, one may want to
think of a fourth kind, of abstract categories. On the other hand, observe that
examples 9, 10 and 11 are just particular cases of 7, which illustrates that while
those considerations may be helpful in parsing examples, they do not exactly
reflect a concrete classification.

Ezercise 3. Consider the category Rel whose objects are sets, and whose mor-
phisms are relations. More explicitely, for X, Y two sets, we define

Hompa (X,Y) ={RC X x Y}
The composition of R: X — Y with S: Y — Z is defined as
SoR={(z,z) |y €Y, (z,y) € Rand (y,2) € S}
1. find the formula for Idx € Homge (X, X), and show that Rel is a category.

2. Does there exist a category with the same objects and morphisms as those
of Rel, but with a different composition law (and identities) ? (Hint:
consider negations of relations).

1.2 Small categories and alternative definitions

We will often be interested in the slightly more restrictive notion of small
categories.

Definition 1.2.1. A category C is small if its class of objects, obj(C) is actually
a set.

In Example 1.1.4, the examples 6 through 11 were small categories. Note
that very often, categories containing all objects with a certain mathematical
structure will not be small. However, when available, the set-theoretical point
of view is very convenient. See as an illustration the following alternative defi-
nition. Before giving this alternative definition, let us recall the definition of a
directed graph.

Definition 1.2.2. A directed graph, G is the data of two sets,
e V(G), the set of vertices of G,
e E(G), the set of edges of G.

Together with two maps, called source and target, s,t: E(G) — V(G) sending
an edge to its starting point and endpoint respectively.

Alternative Definition 1.2.3. A small category C is a directed graph, together
with the data of
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e a choice of distinguished loop for each vertex, Id: V(C) — E(C), such that,
for any X € V(C), s(ldx) = t(Idx) = X.

e a partially defined map

—o—: E(C) x E(C) = E(C)

eroey ift(es) = s(er)
(e1,€2) = { unileﬁnQed if t(€22) a 8(611)

such that the partially defined composition is associative, and such that Idx is
a neutral element for the composition, for all X € V(C).

To see that the above is indeed equivalent to Definition 1.2.2, define obj(C) =
V(C), and for all X,Y € obj(C), define Home(X,Y) = {f € E(C) | s(f) =
X, t(f) =Y}

Ezercise 4. Check that the definitions 1.2.2 and 1.2.3 are indeed equivalent.

Remark 1.2.4. In a small category, C, we allow ourselves to write statements
such as X =Y or X # Y for X,Y two objects of the category. Indeed, such
checks are necessary to define the partial composition in Alternate Definition
1.2.3. This is meaningful because in that case, X and Y are elements of a
common set, obj(C).

Exercise 5. For each of the following graphs, find possible identities and com-
position laws making them into small categories or show that it cannot be done.

A (1.4)
FC A (1.5)
& A Dy (1.6)
g
S A7 B D (1.7)
h
g
FC A 7 B Di (1.8)
h

) l (1.9)

C D

e A—2sB Dh
, (1.10)
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1.3 Opposite categories and duality

We will see a few ways of constructing new categories throughout those notes,
but the first, and most important of those is that of the opposite category.

Definition 1.3.1. Let C be a category. Its opposite category, C°P is defined as
follows.

e [ts objects are the same as those of C,

e For X,Y two objects of C°P, define
Homeor (X,Y) = Home (Y, X).

For clarity, given a morphism f € Home(X,Y), we will often write
fP:Y — X to designate the same morphism, but seen in C°P, i.e. seen
as an element of Homeon (Y, X).

e for X an object of C°P, defineld% = 1d5 € Home (X, X) = Homees (X, X).

o for fP: X - Y and ¢°°: Y — Z two composable morphisms in C°P, de-
fine their composition g°Po°P foP = (fog)°P € Home(Z, X) = Homeor (X, Z).

We will soon get used to arguments ”by duality”. The key idea here is
that certain properties of a category (or in a category) come in pair, with one
half being true in a category means that the other half is true in the opposite
category. Let us illustrate this phenomenon with the notion of monomorphisms
and epimorphisms.

Definition 1.3.2. Let C be a category, and f: X =Y be a morphism in C.

o We say that f is a monomorphism if and only if, for any two morphisms
hi,ho: W — X, we have

fohi=fohy & hy=hy

o We say that f is an epimorphism if, for any two morphisms g1,g2: Y —
Z, we have

giof=g20f & g1=92

o We say that f is an isomorphism if and only if there exists g: Y — X
such that

fog=Idy go f=Idx

In that case, we will often write =1 instead of g. Furthermore, we will
often write f: X ~Y instead of f: X =Y.

Ezercise 6. Let C be a category, show that (C°P)°P and C are the same category.

Ezercise 7. Let C be a category, and f: X — Y be a morphism in C. Show that
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1. f is a monomorphism if and only if f°P is an epimorphism in C°P.

2. f is an epimorphism if and only if f°P is a monomorphism in C°P.

3. f is an isomorphism if and only if f°P is an isomorphism in C°P.

4. If f is an isomorphism, then f is a monomorphism and an epimorphism.

Ezercise 8. Let f: X — Y be a morphism in Set. When is f a monomorphism
? an epimorphism ? an isomorphism ? Same question, for the categories of
examples 7 and 8 in Example 1.1.4. Can a morphism be both a monomorphism
and an epimorphism but not an isomorphism ?

1.4 Subcategories

Another fundamental construction one can do with a category is consider cat-
egories that are included in it. Defining new categories this way will allow to
skip the repetitive checking of axioms.

Definition 1.4.1. Let C be a category. A subcategory of C, denoted D C C, is
a category such that

e cach object of D is an object of C,
e For X, Y objects of D, Homp(X,Y) C Hom¢(X,Y),
e for all X objects of D, 145 =1d% € Homp(X,Y).

o for f: X =Y and g: Y — Z two morphisms in D, we have g oP f =
g o f € Homp(X, Z).

The notion of subcategories turns out to be a very convenient way to define
categories. Indeed, the axioms of a category are guaranteed for a subcategory.
Ezercise 9. Let C be a category, and define the objects and morphisms of a
category D such that

e cach object of D is an object of C,

e for all X, Y objects of D, Homp(X,Y) C Home(X,Y),

e for all X object of D, 1d§ € Homp(X, X),

eforall f: X =Y andg: Y = Zin D, gof f € Homp(X,Y)

Show that D admits the structure of a category by restricting the identites and
composition from C, and that it makes D into a subcategory of C.

The above exercise shows that, in order to define a subcategory, it is enough
to define its objects and morphisms. The definition of identity and compositions,
and checking the axioms for a category are then replaced by two simple checks.
We mention a particularly convenient case.
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Definition 1.4.2. Let C be a category. A full subcategory of C is a subcategory
D such that for all X, Y objects of D, Homp(X,Y) = Home(X,Y).

Remark 1.4.3. Defining a full subcategory is even simpler. It is enough to specify
the class of objects, and the checks that it forms a subcategory are automatic.

1.5 About sets, classes, and universes

Those notes on category theory are based on (a very slightly enriched version
of) set theory. This section is only here to explain how this (surprisingly non-
standard) approach leads to a treatment of the subject that may differ in parts
to more classical approaches (For example, the approach in | ). The
discussion in this section will not be used anywhere else in those notes, and
thus can be safely skipped.

Throughout the text we will work with classes and sets. Here are the con-
structions we allow ourselves to work with.

o for sets, we will use the usual constructions of set theory, though we will
not ever need any specific implementation. Specifically :

— We will consider elements of sets, denoted x € X

— We may compare elements in sets, given z,y € X, we may write
rT=yorx#y.

— We will assume that arbitrary (set-indexed) disjoint unions of sets
[l,c4 Xo and arbitrary products of sets [],. 5 Ys are defined in an
unambiguous way (though, the specific implementation of such a
definition is irrelevant).

— We will consider maps of sets f: X — Y.

— We will assume that the set of all such maps is defined in an unam-
biguous way, Fct(X,Y), together with an evaluation map

ev: Fet(X, V) x X =Y
(f2) = f(x)

— Notably, we will not ever need to use claims to the effect of "any
element of a set is itself a set”.

— Unless two sets X and Y happen to be elements of some common set
Z under consideration, we will abstain from making claims such as
X =Y or X #Y. Though we will always be interested in whether
or not a bijection between two sets exists.

— A caveat of the above comment is for the case of subcategories.
Though, the equality (or inclusion) between sets of morphisms should
be understood as definitional in that case.

e For classes :
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— We will assume that there exists a class of all sets. More generally,
we will allow ourselves to call any collection of objects a class. The
set theorist worried about paradoxes here may assume that by ”ob-
jects”, we really mean ”sets”, though this would force us back into
the philosophy of ”everything is a set”. An easier (but less precise)
solution is to abstain from considering classes of classes, and more
generally, we will abstain from quantifying on classes.

— We will allow ourselves to interpret any set as a class.

— We will consider objects in a class, and may even abuse the notation
xeC.

— Given two objects in a class, x and y we will consider the statements
x = y and x # y as meaningless a priori. More generally, as a
philosophy, we will consider that a statement of the form x = y should
only be formulated when z and y are two elements in a common set.

— We may consider set-indexed products or disjoint unions of classes.
(In the process of proving Proposition 2.3.5, we will need to consider
choice functions on classes, which implies in particular that we may
consider a class-indexed product of classes. This will be the only such
occurence, and no other result will rely on this proposition.)

— We will consider function between classes, in a restricted meaning.
Given two classes C and D, we will consider maps f: C — D. Those
should be interpreted as some construction of an element f(x) in D
for any element x of C. Note that in the process of defining such maps,
the symbol =" will appear. This, of course, should be interpreted
as definitional equality.

— We may not assume that there exists a class of maps between two
classes. a fortiori, we will not consider statements of the form f =g
or f # g for two maps between classes.

The above technology should feel tame to anybody used to set-theory. Es-
sentially, classes are a notion of meta-set, which encompasses the collection of
all sets. Essentially, the only thing we can do with such a class is consider its
elements (though not compare them).

Contrast this approach with the three main approaches, by order of required
technology.

e One may work strictly with (ZFC) set-theory. This approach sacrifices a
lot of the expressive power of category-theory. Indeed, without a ”thing”
containing all sets, we cannot define the category of sets. As a conse-
quence, we actually lose access to all categories built on sets without re-
striction : the categories of vector spaces, of topological spaces, of graphs,
etc. Instead, one need to systematically use tricks to study objects of
interest. For example one may consider the set {R™ | n € N} instead of
the collection of all finite dimensional vector spaces, which does not form
a set. Working in this context leads to the theory of small categories.
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e The historical appraoch of MacLane starts with the (unspoken) assump-
tion that a theory of classes exist, and that one can do anything with
classes that can be done with sets (see Chapter I.1in | ])- The crucial
difference with our point of view is the assumption that one can meaning-
fully compare elements in a class. From the point of view of MacLane, the
theory we develop in those notes is a theory of locally-small categories.

e A more modern approach is to forget entirely about classes, and instead
consider universes. Those are (extra-large) sets, whose existence are added
as extra axioms to (ZFC) set-theory. There is a large variety of possible
axioms, lying far outside the scope of this class, but we will outline the
two main versions of this point of view.

— One may ask that there exist some uncountable set, U, called a uni-
verse, such that U itself is a model of ZFC set-theory. Elements of U
will then be called small sets (in this context, the "everything is a
set” philosophy becomes somewhat mandatory). To expand on this
assumption, the fact that U is a model for ZFC means that, given
any set X € U, the set of parts of X, P(X) is also an element of U.
Even more, any small-set-indexed union of elements of U is still an
element of U. This allows to define a version of the category of sets
: the category of all small sets. This approach can be seen as a way
to formalize the aforementioned approach of MacLane

— One may make the stronger assumption that for any set, X, there
exists some universe U such that X € U. We will say that X is
U-small in that case. This leads to the existence of a hierarchy of
universes, where each universe is an element in the next. To illustrate
the power of this point of view, observe the following. First, as we
saw, we can now define a category of sets (by considering only the
U-small sets, i.e. those that are sitting inside a chosen universe U).
But now, we may want to consider the category of all categories.
In particular, this must contain the category of sets. This is now
possible. Indeed, by assumption there exists some other universe V'
such that U € V. Hence, we may simply define the category of all V-
small categories. But we may even go further. Since V'€ W for some
universe W, we may consider the category of all W-small categories.
It contains the category of all V-small categories. Here is what one
should take away from the above. First, ”anything can be assumed to
be a set, up to passing to a larger universe”. But also this shows that
one can not ever forget completely about universes, without bringing
back paradoxes. Indeed, if one forgets about the different kinds of
smallness, one may mistakenly think that we have just constructed
a category that contains itself as an object. This is the reason why
this is not the approach taken in these notes. Working rigorously
with universes forces one to keep track of universes constantly. And
being not rigorous leads to downright nonsensical statements. See
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Proposition 4.3.12, and the following remark.
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Chapter 2

Functors and natural
transformations

In the previous chapter, we have defined categories, and given several examples,
but we considered each of those separately. We now want to be able to relate
categories to one another. We thus introduce functors, which should be inter-
preted as morphisms between categories. In fact, at least for small categories,
this intuition is entirely accurate, as we will see in Definition 2.1.3.

2.1 Functors

Definition 2.1.1. A functor F: C — D between two categories C and D is the
data of

e For each object, X, of C, an object F(X) of D,

e For each map f: X =Y inC, amap F(f): F(X) = F(Y) in D.
such that

e For all objects X of C, F(Idx) = Idp(x) € Homp(F(X), F(X)),

e For all pairs of composables arrows in C, f: X - Y and g:' Y — Z, we
have

F(go f) = F(g) o F(f) € Homp(F(X), F(Z))

Ezample 2.1.2. e Define a functor Forget: Grp — Set, sending a group
(G,-) to its underlying set Forget(G,-) = G, and sending a group ho-
momorphism to the underlying map of set.

e More generally, given any kind of algebraic structure on a set, i.e. a group
structure, a ring structure, a vector space structure, etc. We may define a
forgetful functor from the category of such objects to Set, which forgets
the algebraic structure.

19
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e Let k be a field, consider the functor from k—Vect to Grp, sending the
vector space (V) +,-) to the group (V,+). This is another kind of forgetful
functor. This time, it forgets only parts of the algebraic structure.

e Let Ab be the category of abelian groups and group homomorphisms.
Consider the functor Ab — Grp sending an abelian group (A4, +) to itself.
This is in fact the inclusion of a full subcategory, but can also be thought
of as a forgetful functor. It "forgets” about the fact that A was an abelian

group.
e For an example of another kind, let C be some category, and X some
object of C. Define the functor
Home (X, —): C — Set
Y — Home(X,Y)

f1Y = Z— { Home(X, f): Home (X, Y) - — Home(X, Z)
g —fog
Ezercise 10. Check that the above is indeed a functor.

e Let k be a field, and consider the following.

F: k—Mat — k—Vect,
n— k"

k™ — k™

M e Homk_Mat(m,n) — { v — Mu

What we know of the theory of matrices and linear algebra tell us that
this is indeed a functor.

Ezercise 11. Let P and @ be two pre-ordered sets seen as categories. What is
a functor F': P — @ 7 Same question for two monoids seen as categories.

Ezercise 12. Let F: C — D be a functor.
e Show that F' sends isomorphisms in C to isomorphisms in D.

e Find an example of F: C — D, f: X — Y a morphism in C such that f
is a monomorphism but F'(f) is not a monomorphism. Same question for
epimorphisms.

e We say that a monomorphism, f: X — Y is split if there exists g: ¥ — X
such that go f =Idx.

— show that if f: X — Y is any morphism such that there exists
g: Y — X such that go f = Idx, then f is a monomorphism.

— Show that if f is a split monomorphism, then F'(f) is a split monomor-
phism.
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2.1.1 The category of small categories

Definition 2.1.3. Let Cat be the category where
e its objects are small categories

o giwven C and D two small categories, Homcas(C, D) is the set of functors
from C to D,

e given a small category C, Ide is the functor sending every object of C to
itself, and every map in C to itself.

o Given F': C — D and G: D — & the composition is defined as the functor
Go F: C — & sending an object X of C to the object G(F(X)) in &, and
sending f: X =Y to G(F(f)): G(F(X)) = G(F(Y)).

Remark 2.1.4. Tt is worth pondering the implications of the above definition.
When studying a particular category, say, the category of groups for example,
one may think of it as studying group theory, in a certain sense. Thus, studying
the category of all (small) categories, allows one to study category theory, in the
langage of category theory. One could say that studying Cat is akin to studying
the meta-theory of all theories. Certainly, the previous statement is, too am-
bitious (and too naive) to be meaningful. However, it is true, and somewhat
of a common technique, that studying Cat (and further generalizations of it)
can - and does - give insights into what kind of results can be obtained when
working with category theory. Indeed, this line of thinking will lead to fairly
useful meta-theorems, that can then be applied to specific categories. See for
example Proposition 2.3.5, at the end of this chapter, and how it applies to the
concrete example in the second part of Example 2.3.2.

Definition 2.1.5. A functor between small categories F: C — D is an iso-
morphism of categories if it is an isomorphism in Cat. i.e. if there exists a
functor G: D — C such that F oG =1dp and Go F = 1d¢.

Remark 2.1.6. The above definition no longer makes sense for general categories,
since it relies on checking equality between functors. But this can only be
checked if equality between objects are meaningful, which is not the case for
objects in a non-small category.

Ezxample 2.1.7. Let C C Set be the full subcategory containing the objects @
and {0}. Let P be the poset {0 < 1}, and let D be the category corresponding
to the following graph

w2 A—1s B Dldp

Then, those three categories are isomorphic. The isomorphism from C to P is
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given by:
C—P
00
{0} —1
0= {0} —0—1
The isomorphism from P to D is obtained by sending 0 to A and 1 to B, and
the isomorphism from D to C is obtained by sending A to § and B to {0}.

Ezercise 13. List as many non-isomorphic categories as you can with at most 5
morphisms including identities. (Hint : there are way more than you think).

Exercise 14. Consider the following
(—)°P: Cat — Cat
C—CP®
FoP: CoP — D°P
F:C—Dw~— X — F(X)
FfPY 5 X F(f)°P: F(Y) — F(X)

Show that the above defines a functor.

2.1.2 Contravariant functors

We will also need to consider a slight variation on the notion of functors :
Contravaraint functors, which reverse the direction of arrows.

Definition 2.1.8. A contravariant functor F': C — D is a functor F': C°P —
D. Whenever ambiguity is possible, we will refer to functors in the usual sense
as covariant functors.

Ezercise 15. Using Exercise 14, together with the observation that (C°P)°P is C,
show that a contravariant functor is equivalently defined as a functor F': C —
DeoP.

The main (and maybe only) reason to care about contravariant functors is

the following fundamental example. Compare with the second to last example
of Example 2.1.2.

Ezxample 2.1.9. Let C be some category and X some object of C. Consider the
(covariant) functor

Home (—, X): C°P — Set
Y s Home(Y, X)
Home(f, X): Home(Z, X) — Home(Y, X)
g =golf.

It can equivalently be described as a contravariant functor, C — Set.

f:Y—>Zn—>{

Ezercise 16. Find a covariant functor F': Set — Set and a contravariant functor
G: Set — Set such that for any set X, F(X) = G(X) = P(X) is the set of parts
of X.
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2.1.3 Properties of functors

To state the following property, it will be convenient to make an observation.
Given a functor F': C — D, and two objects X,Y of C, F' sends morphisms in
Hom¢(X,Y) to morphisms in Homp (F(X), F(Y)). In particular, it will often
be convenient to think of F' as giving a collection of set-theoretic maps

F: Hom¢(X,Y) — Homp(F(X), F(Y)) (2.1)
= F(f)
Definition 2.1.10. Let F: C — D be a functor.
o [t is said to be full if, for all X,Y in C, the map (2.1) is surjective,
o [t is said to be faithful if, for all X,Y in C, the map (2.1) is injective,

o It is said to be fully faithful if, for all XY in C, the map (2.1) is
bijective.

Exercise 17. Let D be a category, and C C D a subcategory.
e Make explicit the obvious functor F': C — D.
e Show that F' must be faithful.
e Show that F' is fully-faithful if and only if C is a full subcategory of D.

Definition 2.1.11. Let F: C — D be a functor. It is said to be essentially
surjective if, for all object of D, Y, there exists some object of C, X, and an
isomorphism in D between F(X) and Y.

Ezercise 18. Let k be a field, and let k—Vectg, C k—Vect the full subcategory
of finite dimensional vector spaces. Consider the functor F': k—Mat — k—Vect
of Example 2.1.2.

e Show that F factor through some functor F’: k—Mat — k—Vectg,,.

e Show that F” is fully faithful.

e Show that F” is essentially surjective.

2.2 Natural transformations

We have seen that functors are a way of relating categories to one another,
but we will also want to compare functors, and relate them to one another. In
general, checking wether two functors are equals will be meaningless, but we
may instead consider morphisms between them. Those will be called natural
transformations. The ill-posed question of equality between functors will then
be replaced by the existence (or non-existence) of isomorphisms between them
(see Definition 2.2.8).
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Definition 2.2.1. Let F,G: C — D be two functors. A mnatural transfor-
mation « from F to G, written a: F — G (or sometimes a: F = G),
is a collection of maps (ax), where X ranges over all objects of C, where

ax: F(X) = G(X) is a map in D, such that, for all maps f: X — Y in
C, the following diagram is commutative :
F(X) =% G(X)
Fn| lew (2:2)
FY) —— G(Y)

Ezample 2.2.2. Let Z be a set, F': Set — Set the identity functor, and consider
the functor G: Set — Set defined as follows

G: Set — Set
X—=7ZxX
ZxX —=ZxY
X =Y~
f { (2.2) (2 f(x))

pick some element zg € Z. And, for all X, define the map ax: X — Z x X
sending x to (zp,z). Let us show that the collection of maps (ax) forms a
natural transformation. Let f: X — Y be some map in Set. We need to show
that the following diagram is commutative.

X 25 7xX

fl Jew

Y > ZxY

Now, let € X be some element. We compute, G(f)ocax(z) = G(f)(ax(z)) =
G(f)(z0,z) = (20, f(x)). On the other hand, we have ay o f(z) = ay (f(x)) =
(z0, f(2)). Hence, G(f)oax = ay o f, and the diagram is indeed commutative.
This shows that a: F' — G is a natural transformation.

Now, for any set X consider the map pry: Z x X — X. Let us show that
those maps give a natural transformation pr: G — F. Once again, we must
check that the following diagram is commutative, for any map f: X — Y in C.

Prx

Ix X — X

a(| |+

Z XY — Y
pry

Given (z,z) € Z x X, we compute fopry(z,z) = f(z) and pry o G(f)(z,z) =
pry (z, f(z)) = f(x). Hence, the diagram is commutative, and we have a natural
transformation pr: G — F.
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Remark 2.2.3. Natural transformations are named this way because they were
defined to match the intuition behind "natural constructions” in mathematics.
This idea of naturality is very common, and not always made precise. But, very
often when some map seems natural, (or canonical), there actually exists some
natural transformation behind it.

Ezercise 19. Find occurrences of maps who are claimed to be "natural” in other
lecture notes (not necessarily about category theory) and try to find the functors
and natural transformations in question.

Exercise 20. Let P and P’ be two pre-order. What is a natural transformation
between two functors F,G: P — P’? Same question for groups seen as one
object categories.

Example 2.2.4. Let f: X — Y be a map in some category C. Consider the

functors Home (X, —), Home (Y, —): C — Set, defined in Example 2.1.2. Given
some object Z of C, define a map:

Home(f, —)z = Home(f, Z): Home (Y, Z) — Home (X, Z)
g Y —>Zw—gof: X —=Z
Let us show that the collection of maps (Home/(f, Z)) forms a natural transfor-

mation from Home (Y, —) to Home (X, —). Let h: Z — W be a map in C, we
need to show that the following diagram is commutative

Home(Y, Z) —2Y2) , Home (X, Z)
Homc(Y,h)i Home (X,h) (2.3)
HOmC (}/’ W) W Homc (X, W)

Before proving commutativity, take the time to parse the diagram correctly.
The horizontal arrows are the maps that will form a natural transformation,
while the vertical arrows are obtained by applying the functors Home (Y, —) and
Home(Z, —) to the morphism h: Z — W. Now, let g: Y — Z be a morphism.
Applying the composition of the top and right arrows to g gives the map ho(go
f): X — W. Going through the left and bottom arrows gives the map (hog)o f.
Associativity of the composition gives the equality ho (go f) = (hog)o f.
Hence, we deduce that the square is indeed commutative. This shows that
Home(f, —): Home (Y, —) — Home (X, —) is a natural transformation.

Exercise 21. Let h: Z — W be a map in some category C. Using the commuta-
tivity of the diagram (2.3), show that Home(—, k) : Home(—, Z) — Home(—, W)
is a natural transformation between the contravariant functors of Example 2.1.9.

2.2.1 Composing natural transformations

Definition 2.2.5. Let F,G,H: C — D be three functors, and a: F — G and
B: G — H be two natural transformations. Let 8o a: F — H stand for the
natural transformation defined via (foa)x = fx ocax: F(X) — H(X), for all



26 CHAPTER 2. FUNCTORS AND NATURAL TRANSFORMATIONS

objects X of C. the natural transformation o « is called the vertical compo-
sition of B with a. The following diagram illustrates why.

/\f\
w/w

Ezercise 22. Show that [ o « is indeed a natural transformation, and that the
composition of natural transformations is associative.

Definition 2.2.6. Let C be a small category and D any category. Define the
category of functors and natural transformations from C to D, Fun(C,D), as
follows. (We will often just call it the category of functors from C to D.)

e [ts objects are functors F: C — D,
o Given two functors F,G: C — D, define the set of morphism,

HomFun(C,D) (F7 G) C H HOI’HD(F(X), G(X))a
X €obj(C)

as the set of natural transformations from F to G.

o given a functor F': C — D, the identity of I is the natural transformation
Idp: F' — F defined, for all X via (Idp)x = ldpx): F(X) = F(X).

o The composition is the one defined in Definition 2.2.5.

Remark 2.2.7. In the above definition, we asked that C was a small category.
This is needed so that the collection of all natural transformations between two
functors F,G: C — D may be a set. Indeed, if C is small, then the set of natural
transformations is defined as a subset of a product of sets, hence is certainly a
set. On the other hand, if C was not a small category, then the collection of all
natural transformations between two given functors would be a class in general,
and thus Fun(C, D) would fail to be a category. Note, however, that even if C is
small, Fun(C, D) will only remain a small category if D is also a small category.

Definition 2.2.8. A natural transformation a: F — G between two functors
F,G: C — D is said to be a natural isomorphism if, for all objects X in C,
ax: F(X) — G(X) is an isomorphism.

FExercise 23. Let ao: F' — G be a natural transformation between two functors
F,G:C—D.

e Prove that « is a natural isomorphism if and only if there exists some
natural transformation 5: G — F such that a0 =1Idg and Soa = Idp.

e Deduce that, if C is a small category, isomorphisms in Fun(C, D) are ex-
actly natural isomorphisms.
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2.2.2 Horizontal composition of natural transformation

Definition 2.2.9. Assume that we are given three categories, C,D and &, three
functors, F,G:C — D and H: D — &, and a natural transformation, o: F —
G. Then, we can define a natural transformation Ho: HoF' — HoG as follows.
For X an object of C, define (Ha)x = H(ax): H(F(X)) — H(G(X)). The
situation is summarized in the following diagram

C a D-H,e. ¢ Ha £
d \\H:G/\

Let us prove that Ha is indeed a natural transformation. Let f: X — Y be
a map in C. Consider the diagram

HoF(Xx) ™) moa(x

HoF(f)J/ JHOG(f)

HoF(Y) s HoG(Y)

The top right composition is equal to H(G(f)) o H(ax) = H(G(f) o ax), by
functoriality of H. By the same argument, the left-bottom composition gives
H(ay)oH(F(f)) = H(ayoF(f)). Now, since « is a natural transformation, we
must have ay o F(f) = G(f) o ax, hence the equality still holds when applying
H. This proves that the square is commutative, hence that Ha is a natural
transformation.

Remark 2.2.10. Of course, the dual situation is also true. Given a natural
transformation 5: H — K between two functors H, K: D — £, and a functor
F: C — D, we can define the composition SF: H o FF — K o F. The proof is
the same as above.

Proposition 2.2.11. Assume that we are given three categories C, D and &,
four functors, F,G: C — D and H, K: D — &, and two natural transformations
a: F — G and B: G — H. Then, there exists a well defined natural transfor-
mation called the horizontal composition Bopa: HoF' — KoG. The situation
can be summarized as follows.

mf\ /\

B Er-—-—-C Bona

\/&/ \/
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Proof. We will provide two possible definitions for 5 oj o and show that they
coincide. First, one can consider the natural transformation SF: HoF — KoF,
and Ka: KoF — K oG, and define fo, a = KaofF: Ho F — K oG. This
gives us a natural transformation of the desired form.

On the other hand, we could have considered first Ha: Ho F — H o G,
then SG: H o G — K o G, and then defined o, a« = G o Ha. Let us now
prove that both definitions coincide. Let X be some object in C, and consider
the following diagram.

H(F(X)) 2% k(P(x))

H(G(X)) 55— K(GX))

Observe that the composition of the top and right arrows is exactly the natural
transformation K« o SF evaluated at X, while the composition of the left and
bottom arrows gives the natural transformation SGo Ha evaluated at X. On the
other hand, this square must commute since § is a natural transformation, and
it corresponds exactly to the square (2.2) applied to the natural transformation
B and the map f = ax: F(X) — G(X). This means that the two way of
defining 3 o, a coincide.

We can summarize this construction diagrammatically.
First consider SF :

F H HoF
N N -
C DQ o C - g
K

Then, define K« :

/F\
C a D Er--C Kol £
\—/\u HKQ

G K KoG
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Then compose the two vertically to obtain (§ oj a.

/\f\

[ SN U Bona

Equivalently, one may first consider Ha

/\f\ /\

Er-—-—=C
G
Then, define SG:
/H\
Er--—=C

\JL/ \/

and define 8 op, a as the vertical composition

/\f\

HOG 777777777 Bona

DN

O

Remark 2.2.12. The above notions of horizontal and vertical compositions natu-
rally leads one to consider 2-categories. Those are a generalization of categories,
whose definition can be summarized as follows. A 2-category C has a collection
of objects, and for any two objects X and Y, Hom¢(X,Y') should itself be a
category (in the usual sense). For X, Y and Z objects in C, there should be a
composition functor

Home (Y, Z) x Home(X,Y) — Home (X, Z)
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Now, what we have seen above is that Cat can be seen as a 2-category. For any
two small categories C and D, we have a category Fun(C, D) whose objects are
functors F': C — D, and whose morphisms are natural transformations. In that
context, composition is the vertical composition of natural transformation. On
the other hand, given a third small category £, the composition

HOHI%(D,S) X Hom%(C,D) — Hom%(c,é')

sends a pair of functors (H: D — £, F:C — D) to the composition H o F
and can be extended to natural transformations by sending a pair of natural
transformation (5: H = K, a: F = G) to the horizontal composition g o, a.

We will not explore this notion any further in those notes, but the interested
reader can read | , Chapter XII.3].

2.3 Equivalence of categories

We have seen in Definition 2.1.5 how two small categories can be isomorphic.
However, isomorphisms of categories is too restrective of a notion. Intuitively,
we want two say that two categories C and D are ”the same” if we can find two
functors F': C — D and G: D — C that are inverses to each other. However,
we know that it is meaningless in general to check equality for functors. In
particular, we should not ask that F'o G be equal to the identity of D. Instead,
what we can meaningfully impose is that the two functors F' o G and Idp be
isomorphic. This leads to the richer notion of equivalence of categories.

Definition 2.3.1. A functor F: C — D is an equivalence of categories if
there exists some functor G: D — C, and two natural isomorphisms a: F oG ~
Idp and B: Go F ~1Id¢.

Ezample 2.3.2. 1. Consider the two small categories, C and D given by the
two following graphs.

A Dlda (2.4)
f

s & B 2 C Dlde (2.5)
f—l

We will prove that they are equivalent. Consider F': C — D sending
A to B, and Id4 to Idp, and G: D — C sending all objects to A and
all morphisms to Id4. The composition G o F is the identity of C, so
we can pick 8 = Idiq,. On the other hand, the composition F' o G is
the functor D — D sending both objects to B and sending all maps to
Idg. Let us define o as ap = Idg: F o G(B) = B — B, and a¢ =
f: FoG(C) = B — C. By construction, f is an isomorphism, hence
to deduce that « is a natural isomorphism, we just need to prove that
it is a natural transformation. We will check the naturality condition for
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both non-identity maps, since it holds automatically for identity maps.
Consider the square

FoG(B) =22+ B

FoG(f)J/ lf

Unfolding the definitions, we see that the top and left maps are both Idp,
while the bottom and right maps are both f. Hence, the square is indeed
commutative. For the map f~!: C — B, we have

FoG(C) 2 C

FoG(f’l)l lf*l

Now, we see that the top and right maps are f and f~! respectively,
hence they compose to Idg. On the other hand, the left and bottom maps
are both Idg. Hence, the square is commutative. We have proven that
a: FoG — Idp is a natural transformation, taking values in isomorphisms,
hence it is a natural isomorphism.

2. Consider the functor F: k—Mat — k—Vects, from Exercise 18. We
will show that it is an equivalence of categories. To define a functor
G k—Vectg, — k—Mat, first, for each finite dimensional vector space V,
pick a basis of vectors (e1,...,edim(v)). Make sure to pick the canonical
basis for k™, for each n > 0. Then define G as the functor sending V to
dim(V'), and sending a linear map ¢: V' — W to the matrix of ¢ in the
chosen basis for V- and W, (e, ..., eqimv)), and (f1,..., faimw)). Now,
observe that G o F' = Idx_wmat, thus, we only have to find a natural iso-
morphism 3: F oG — Id. Let V' be a vector space, with its chosen basis
(€1,---,€dim(vy). Define fy : kdim(Y) — V as the linear map sending the

i-th vector in the canonical basis of k4™(V) to e;. Let us show that 3 is
a natural transformation. Let ¢: V — W be a linear map. Consider the
diagram

FoG(V) 2 v

FoG(«p)J{ Jw

FoG(W) S w
Let us show that it is commutative. Let v; € k3™(V) be the i-th vector
in the canonical basis of k3™(Y) The top right composition sends it to
©(By (v;)) = @(e;). On the other hand F o G(p)(vi) = Z;ﬁ:ni(v) M jW;,
where the m; ; are the coefficients of the matrix of ¢ in the chosen basis for
V and W, and wj is the j-th vector in the canonical basis of kdim(W) - Now,

observe that S (F o G(¢)(v;)) = Z?i:ni(v) m; ; fj. But, since the m, ; are
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the coefficients of the matrix of ¢, we must have Sy (FoG(¢)(v;)) = p(e;),
hence the diagram is commutative. Finally, 8 is a natural transformation,
and since [ takes values in isomorphisms, by definition, it must be a
natural isomorphism. Hence F' and G are equivalences of categories.

Remark 2.3.3. Note that k—Mat is a small category, while k—Vectgy, is not. The
fact that k—Vectg, is equivalent to a small category is a property of k—Vectg,
that is not always true of an arbitrary category. In that case, we say that
k—Vectg, is essentially small

Definition 2.3.4. Let C be a category. We say that C is essentially small if
there exists a small category D and an equivalence of categories F': C — D.

Exercise 24. Let G and H be two groups. What is an equivalence of categories
F: G — H. Same question for pre-ordered sets seen as categories.

Exercise 25. Let C and C’ be two small categories and let D and D’ be two cat-
egories. Assume that C and C’ are equivalent and that D and D’ are equivalent.
Show that there exists an equivalence

Fun(C, D) ~ Fun(C’, D’)

2.3.1 Characterizing equivalences of categories

We have defined an equivalence of categories as a functor admitting an inverse.
Conceptually, this is satisfying, but it can be practically incovenient. Indeed, it
will often be the case that we only have a use for one direction of an equivalence
of categories. Hence, it is convenient to have a way of checking that a functor
F: C — D is part of an equivalence, without necessarily exhibiting an inverse.
This is the content of the following proposition. Note that its proof relies on a
(strong) version of the axiom of choice, and thus its use may not be satisfactory
to people preferring to work with more constructive approach as much as pos-
sible. The proposition itself will not be used in the rest of those notes, but it
is very convenient to keep it in mind when working through examples. It may
serve as a first step to check whether an inverse exist before trying to exhibit it
explicitly.

Proposition 2.3.5. Let F': C — D be a functor. Assume that
o F s fully faithful,
o [ is essentially surjective.

Then, F' is an equivalence of categories.

Proof. The proof will rely on a very strong version of the axiom of choice. Let
us immediately state its use. Since, F' is essentially surjective, for all objects X
in D, there exists some object C'x in C and an isomorphism px: F(Cx) - X
in D. Assume that we can choose simultaneously some C'x and ¢x for all
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objects X of D. This amounts to asking for the existence of a choice function
from a class to a product of classes.

For the remainder of this proof, assume that such a choice of C'x and @x
has been made for all objects X of D. Let us now define a functor G: D — C.
On objects, it will send X to Cx. Let f: X — Y be a map in D, and consider
the following commutative diagram

X / Y

. b

FoG(X) ——— FoG(Y)
Py ofopx

By assumption, the functor F' is fully faithful, hence the map
F: Home(G(X),G(Y)) = Homp(F o G(X), F o G(Y))

is a bijection. Thus, we can unambiguously define G(f) to be the preimage of
<p{,1 o f o px under this map. (It may be helpful to think of G(f) as F_l(cp;l o
fopx).)

Let us now prove that G is indeed a functor. First, if X is an object of D,
then go;(l oldx oy is simply Idp(cy). Since F is a functor, it sends identity to
identity, thus G(Idx) = Id¢,, . For composition, let f: X - Y and g: Y — Z
be two composable maps in D. Then, consider the commutative diagram

f g

AT / 5

FoGX) — + FoGY) —— FoG(2)
Py OfOSOX Pz 09o¢Y

The bottom arrows of this diagram correspond to F o G(f) and F o G(g) respec-
tively, by definition of G. On the other hand, commutativity of the diagram
implies that their composition gives F' o G(g o f). Thus, we have

F(G(ge f)) = FoGl(gef)
=FoG(g)o FoG(f)
= F(G(g)) o F(G(f))
= F(G(g) o G(f))

But now, faithfullness of F' implies that G(g o f) = G(g) o G(f), and we have
proven that G is a functor.

Finally, we need to find two natural isomorphism «: F'o G — Idp, and
B: GoF — Ide. For a, set ax = px: F(G(X)) = F(Cx) — X. This takes
values into isomorphisms, by definition. For naturality, let f: X — Y be a map
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in D, consider the diagram

FoG(X) 25 X
FoG(f)l f

and observe that G was defined specifically to make this diagram commutative.
Hence, « is a natural isomorphism.
For the other direction, let C' be some object in C, and consider

F: Hom¢(G o F(C),C) — Homp(F o Go F(C), F(C))

Since F is fully-faithful, this map is a bijection, hence, there is a unique preimage
to the isomorphism ¢pcy: FoGo F(C) — F(C). Let fc: G o F(C) — C be
this preimage. Let us show that § is a natural transformation. Let g: C' — D
be a map in C, and consider the diagram

GoF(C) 22 ¢

GoF(g)l

Q

We need to show that g o B¢ = Bp o (G o F(g)). First, apply F to the entire
diagram. We get

FoGoF(C) 22 p(e)
FoG(F(g))J{ J{F(g)

FoGoF(D) WF(D)

Now, recall that F(fc) = ¢r(c) = ap(c), by definition of 3, and the same holds
for D, hence the above diagram commute by naturality of o. Hence, we have
F(gopBc)=F(Bpo(GoF(g))). But since F is faithful, we deduce the desired
equality, hence (8 is a natural transformation.

The only thing that remains to be proven is that S takes values in isomor-
phism. Let C be an object in C. Consider the map

F: Hom¢(C,G o F(C)) — Homp(F(C), F o G o F(C))

Since F is fully-faithful, we can define vo: C — G o F(C) as the only preimage
of @51 under F'. And now, observe that F(8c o yc) = Idp(c) and that F(yc o
Bc) = Idpogor(c)- Since F is faithful, we deduce that 8¢ o y¢ = Ide and
vc © Bc = ldgor(c)- In particular, Sc is an isomorphism.

O

Ezercise 26. Prove the converse statement of Proposition 2.3.5.



Chapter 3

Adjunctions

3.1 Definitions

Definition 3.1.1. An adjunction is the data of
e a pair of adjoint functors F: C — D, G: D — C.
e for all objects X in C, Y in D, a bijection
Ox.y: Home (X, G(Y)) ~ Homp(F(X),Y)

Such that 0 is natural in X and Y. More precisely, for all object X in C,
Ox,— is a natural transformation between the functors Home(X,G(—-)): D —
Set and Homp(F(X),—): D — Set, and for all objects Y in D, 6_y is a
natural transformation between the functors Home(—,G(Y)): C°? — Set and
Homp (F(—),Y): C°? — Set.

In that case, we will say that F and G are an adjoint pair, and write
F 4 G. We will say that F is the left adjoint to G and that G is the right
adjoint to F.

Remark 3.1.2. The above definition can be made more explicit with the use of
product categories. Given two categories, in this case C°P? and D, the product
of the two categories, C°P x D has, for objects, pairs of objects (X,Y’) where X
is an object of C°P and Y is an object of D. And, given (X,Y) and (X', Y”)
two objects in C°P x D, a morphism from (X,Y) to (X’,Y”) is the data of a
morphism f°P: X — X’ in C°? and a morphism ¢g: ¥ — Y’ in D. Identity
and compositions are computed component wise. Now, we can rephrase the
condition for an adjunction by asking that 6 is a natural transformation between
two functors :

Home(—, G(—)): C°P x D — Set
(X,Y) — Home(X,G(Y))
(f°P,g) = Home(f, G(Y")) o Home (X, G(g))

35
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and
Homp (F(—),—)C? x D — Set
(X,Y) — Homp(F(X),G(Y))
(f°P,g) = Homp(F(f),Y") o Homp(F(X), g)

Alternative Definition 3.1.3. Let F': C — D and G: D — C be two functors.
They form an adjoint pair, F 4 G if there exists two natural transformations,

e ¢: FoG — Idp, called the co-unit,
e 1:Ide — G o F called the unat.

such that the following two triangles commute

F- ' FoGoF
J{eF (31)
F

Idr

GLGOFOG
3.2
m@e (3.2
G

Proposition 3.1.4. Definitions 3.1.1 and 3.1.3 are equivalent.
Proof. Let F': C — D and G: D — C be given.

e (=) Assume that a natural isomorphism 6 is given. For X an object of
C,define nx: X - GoF(X)asnx = 9;(}F(X)(Idp(x)). Let us prove that
7 is a natural transformation. Let f: X — Y be a map in C. We need to
prove that the following diagram is commutative

X 5 GoF(X)
fl lGoF(f)
Y —— GoF(Y)
Specifically, we need to prove
ny o f=GoF(f)onx € Home(X,Go F(Y)). (3.3)

To do so, we will use the naturality of 6 in both variables. First, consider
the naturality of 6x _, with respect to the map F(f): F(X) — F(Y).
This gives the commutativity of the following diagram

Home(X, G o F(X)) 2259 Homp (F(X), F(X))

Homc(X,GoF(f))J/ J{HomD(F(Y),F(f))
Home (X,G o F(Y)) —— Homp(F(X), F(Y))

Ox,F(Y)
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Starting with nx at the top left gives Idp(x) on the top right, and hence
F(f) in the bottom right. On the other hand, we get G o F(f) o nx on
the bottom left. Thus, we deduce

9X,F(Y)(GOF(f) onx) = F(f)

On the other hand, we consider the naturality of 0_ p(y) with respect to
the map f: X — Y. This gives the commutative diagram:

Y,F(Y)

Home (Y, G o F(Y)) 2% Homap (F(Y), F(Y))
Home( f,GoF(Y))J{ lHomD(F(f),F(Y))
Home (X, G o F(Y)) —— Homp(F(X), F(Y))

X,F(Y)

starting with 7y in the top left gives Idp(y) in the top right corner, and
F(f) in the bottom right. On the other, we get 1y o f in the bottom left,
hence we have the equality

9X,F(Y) (ny o f) = F(f)

putting both previous equations together, we get

Ox,rv)(Go F(f)onx)=0xry)(nyof)

But, since 0x p(y) is a bijection, we deduce equality (3.3). Hence, 1 is a
natural transformation.

Similarly, for Y an object of D, define ey: F o G(Y) — Y as ey =
Ocy),y Iday))-

Exercise 27. Prove that € is a natural transformation.

It remains to be proven that for all X objects of C, and for all Y ob-
jects of D, the compositions ep(x) o F'(nx): F(X) — F(X) and G(ey) o
nawy: G(Y) — G(Y) are equal to Idp(x) and Idg(y) respectively. For the
first equality, consider the commutative square coming from the naturality
of 0_ p(x) with respect to the map nx: X — G o F(X).

0Gor(X),F(X)
B

Home(G o F(X),G o F(X)) Homp(F o Go F(X), F(X))
Homc(nx,GoF(X))J( lHOmD(F(TIX),F(X))

Home (X, G o F(X)) Homp (F(X), F(X))

Ox,F(x)

Starting with Idgo,r(x) in the top left gives ep(x) in the top right, and
F(nx) o €p(x) in the bottom right. On the other hand, we get nx in the
bottom left. Since, by construction, 0 x p(x)(nx) = Idp(x), we deduce the
equality

F(nx) o epx) = ldpx)

We leave the rest of the proof as an exercise.
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Ezercise 28. Let Y be an object in D. Prove that
G(ev) ongyy = ldg(y)

(<) Assume that the natural transformation n: Ide — G o F and e: F o
G — Idp are given, with the appropriate relations. Let X and Y be two
objects in C and D respectively. Define

Ox,y: Home(X,G(Y)) - Homp(F(X),Y)
[ X=>GY)—=eyoF(f): F(X) > FoGY)—Y

TX,Y: HOIHD(F(X),Y) — HOmc(X G( ))
g:F(X)—>Y—=Gg)onx: X - GoF(X) = G(Y)

Let us first show that 0xy and mxy are inverse bijection. Let f: X —
G(Y) be a map in C, and consider the following diagram

X — 5 GoF(X)
fl |eera)
GY) 2% GoFoG(Y)

G(Ey
Idm l

By definition, mx,y (0x,v (f)) = mx,v (ey 0 F(f)) = G(ey) o G(F(f)) o nx,
which is the top right composition in the above diagram. But note that
the top square in the diagram is commutative, by naturality of 5, and the
bottom triangle is commutative, by hypothesis on F' and G. Hence, the
entire diagram must be commutative, and we have 7x y (0x,y(f)) = f.

Ezercise 29. Show that for any map g: F(X) =Y, Oxy(nxy(9)) =g.
With the exercise, we get that fx y is an isomorphism for all X and Y.
Thus, the only thing that remains to be proven is that 6 is a natural

transformation. Let h°?: X — Z be a map in C°P, and k: Y — W be a
map in D. We need to prove that the following diagram is commutative.

Home (X, G(Y)) 2 Homp(F(X),Y)
Homc(h,G(k))l lHomD(F(h),k)
Home (Z, G(W)) o Homp (F(Z),W)
starting with f: X — G(Y) in the top left, we get ey o FI(f) in the top

right corner, and k o ey o F(f) o F(h) in the bottom right corner. On
the other hand, we get G(k) o f o h in the bottom left corner, which gives
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ew o F(G(k))oF(f)oF(h) in the bottom right corner. But now, naturality
of € with respect to k gives

ew o F(G(k)) o F(f)o F(h) =koey o F(f)o F(h)

This proves that the square is commutative, hence that 6 is a natural
isomorphism, which concludes the proof.

O

3.2 Examples

We have already seen many examples of forgetful functors in Example 2.1.2.
Most of them are part of a forgetful functor/free functor adjunction. Let us
detail a few of those.

Example 3.2.1. Consider the functor U: Grp — Set, sending a group to its
underlying set. It admits a left adjoint, F': Set — Grp, defined as follows. For
any set X, F(X) is the free group with generators X. That is, an element
of F(X) is a word with letters either elements of X or of the form =1, with
x € X. More explicitely, elements of F'(X) are families (ay,...,a,), with a; € X
ora; =z}, with € X, for 1 < i < n, together with the relation zz=! = 2712
is equal to the empty word. The product in F'(X) is given by concatenation of
the words, and the neutral element of F(X) is the empty word.

Ezercise 30. Check that F(X) is indeed a group.

Given f: X — Y amapin Set, F(f): F(X) — F(Y) sends a word (21, ..., %)
to the word (f(z1),...,f(z,)) in F(Y), with the convention that f(z~!) =
f(z)~! for all z € X. Now, let us exhibit the natural transformation 0. Let X
be a set, let G be a group, and let f: X — U(G) be a set-theoretic map. Define
Ox.c(f): F(X) — G via the formula

O0x.c(f) (@1, on) = f(1) % fan),

where % stands for the group operation in G, and f(z~!) = f(z)~!, for all
x € G. By construction, 0x c(f) is indeed a group homomorphism. Let us
define its inverse as follows. Let g: F(f) — G be a map in Grp. Define

Oxlc(9)(@) = f(x)

Then, we can check that 9;(’1G is indeed an inverse to 0x ¢. Let f: X — U(G)
be a map, and z € X. We compute

(0xa(Oxc () (@) = Oxc(1) (@)
= /()
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Hence, 9§}G09x,g = IdHomsg., (x,U(c))- On the other hand, given g: F'(X) — G,
and (21,...,2,) a word in F(X) ,we have

(0x.0(0x'6(9) (1, 20) = 05 6 (9) (1) %+ % 05 o (9) (w0)
=g(@1) %+ xg(wn)

But since g is assumed to be a group homomorphism, and since the group
operation in F'(X) is concatenation, this last line must be equal to g(z1, ..., ).
Hence, we have HX’G(H;(’IG (9)) = g. And 0x ¢ and 9;()163 are indeed inverses to
each other.

Ezercise 31. Show that #_ _ is a natural tranformation.

Example 3.2.2. Now, consider the functor U: Ab — Grp, sending an abelian
group to itself, in the category of all groups. This can also be interpreted as
a forgetful functor, and as such, should admit a left adjoint. Indeed its left
adjoint is the abelianization functor (—)*”: Grp — Ab, sending a group G to its
quotient G* = G/ ~, where ~ is the equivalence relation generated by gh ~ hg
for all g,h € G. Now, consider the following well-known algebraic statement
(which is not too hard to prove by hand).

Lemma 3.2.3. Let f: G — A be a group homomorphism from a group G to an
abelian group A. Then, f factors uniquely through some map f2° as follows

G / A

N

Gab
where w is the projection to the quotient.

We can easily deduce from it that (—)* - U form an adjoint pair. Indeed,
it suffices to define 6 4(f) = f2*, and ‘95,1,4(9) =gom.

Erercise 32. Check that the pair (—)*” 4 U is indeed an adjunction.

Ezample 3.2.4. Let us spend some time on a fundamental example. As we have
seen in Alternative Definition 1.2.3, small categories can be thought of as graphs
with additional structure. Hence, there should exist some forgetful functor from
the category of small categories to that of graphs, U: Cat — Graph. Let us
first define a suitable category of graphs, then we will show that we have an
adjunction between the two categories. Let Graph be the category such that

e its objects are directed graphs, that is, an object G is the data of

— two sets V(G) and A(G) of vertices and arrows respectively,
— two maps sg,tg: A(G) — V(G), mapping each arrow to its source
vertex and target vertex respectively.

o Given two graphs G and H, a morphism f € Homgayaph (G, H) is the data
of



3.2. EXAMPLES 41

— amap of sets fy: V(G) = V(H)
— amap of sets fa: A(G) — A(H)

such that SH © fA = fV o Sa and ty o fA = fV otg.
e given a graph G, Idg: G — G is the identity on both arrows and vertices,

e composition of maps f: G — H and g: H — K is defined via (go f)4 =
gao faand (go flv =gvo fv.

Note that there are many other categories of graphs, but this is the main one
we will be interested in during this class.

Now, we can define the forgetful functor U: Cat — Graph. Based on Al-
ternative Definition 1.2.3, given any small category C, we can define U(C) as
the underlying small category, that is V(U(C)) = obj(C), and A(U(C)) is the
set of morphisms of C. sy and ty(c) are given by domains and codomains
of maps respectively. On functors, G: C — D, define U(G): U(C) — U(D) via
U(G)v = Gepj: 0bj(C) — obj(D), and U(G)4 is the action on morphisms of
the functor G.

Let us now prove that U admits a left adjoint, F': Graph — Cat. Let G be
a graph, and define F'(G) as the small category with

e Objects of F(G) are vertices of G.
e morphisms of F(G) are given by the data of

— some n > 0,

— a family of objects (Xo, ..., Xn),

— for all 1 <i < n, an arrow f; € A(G) such that sg(f;) = X;—1, and
ta(fi) = X;.

We will write such a morphism (Xo, f1, X1, ... fu, Xn), and we have (Xq, f1, X1,... fn, Xn) €
HOmF(G)(Xo,Xn).

e Given X an object of F(G), the identity of X, Idx is the unique morphism
with n =0, (X) S HOInF(G)(X,X).

e Given two morphisms in F'(G), (Xo, f1, X1,. .., fn, Xn) € Homp gy (Xo, Xp)
and (Y0,91,Y1,..,9m,Ym) € Hompg)(Yo,Ys,), they are composable if
and only ifX,, = Y. In that case, define their composition as the concate-
nation

(YOaglaYh"'agTI’Lva) © (X07f17X13"'af7L7Xn)
- (XOaflaXh"'7fnaXnagI;Y17'"agmaYm)~

Ezercise 33. Check that F(G) is indeed a small category.
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Now, assume that g: G — H is a map in Graph. And define the morphism
in Cat, F(g): F(G) — F(H) as follows. On objects, F(¢)(X) = gv(X), for
each X € obj(F(G)) = V(G). Given a morphism (Xo, f1,X1,..., fn, Xn) €
Hom g () (Xo, Xy), define

F(g)(XOathla .- -vfnaXn) = (gV(XO)agA(fl)ng(Xl)’ s 7gA(fn)ng(Xn))

The condition sy o g4 = gy o sg, and the same for targets, guarantees that
F(g) sends morphisms in F'(G) to morphisms in F'(H). Since F(g) furthermore
preserves concatenations, F'(g): F(G) — F(H) is indeed a functor, hence a
morphism in Cat.

Ezercise 34. Check that F': Graph — Cat is indeed a functor.

Let us now prove that we have an adjunction F 4 U. For a graph G, we
start by defining the unit ng: G — U(F(G)). On vertices, (ng)v(X) = X. On
arrows, (ng)a(f) = (sa(f), f,ta(f)). Now, for a small category C, define the
co-unit as follows

ec: F(UKC)) = C
X=X
(Xo, f1, X1,y fu, X)) = fno-of1: Xog— X,
(X)—Idy

Ezercise 35. Check that n and € are natural transformations.

Now, given a graph GG, compute the composition

F@) 27 povo F(G) 9 F (@)

It sends an object X to itself, and for (Xo, f1,X1,..., fn, Xn), we compute

era) (F(na)(Xo, f1, X1, s fn, Xn))
= er(a)(Xo, (Xo, f1, X1), X1, .., (X1, fn, Xn), Xin)
= (Xp-1, fn, Xn) o0 (Xo, f1,X1)
= (Xo, f1, X1, fns Xn)

Hence, we have the first required equality. For the second, let C be a small
category. We need to compute the composition

nu(c)

UC) 9 o Fou(c) Lk

u(c)
It sends a vertex X to itself. Now, for f an arrow in A(U(C)), we compute
(Ulec))al(muey)alf)) = (Ulec)) alsue) () [ tue)(f))
=/

This gives the second desired equality, hence we have exhibited an adjunction
F 4 U, between the category of small categories and the category of directed
graphs.
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Exercise 36. Compute the bijection associated to the adjunction F' 4 U,

9@7(; : HOmeph(G, U(C)) ~ Hom%(F(G),C)

3.3 Unicity of adjoints

Proposition 3.3.1. Let F: C — D be a functor, and G,G’: D — C be two
functors. Assume that both G and G’ are right adjoints to F, (i.e that F 4 G
and F 4 G’ are two adjoint pairs). Then, there exists a natural isomorphism

G~dG'.

The proof of the above proposition will use the following lemma. This would
usually be considered a corrollary of the Yoneda lemma (in Chapter 5). However,
with the particular foundations we have chosen for this class, the Yoneda lemma
will not be strong enough to imply such a statement for non-small categories.

Lemma 3.3.2. Let C be a category, and Z,Z' be two objects of C, such that
there exists a natural isomorphism

B: Home(—, Z) ~ Home(—, Z")

Then, Bz(1dz): Z — Z' is an isomorphism in C, with inverse (87 )~ 1(Idz/): Z' —
Z.

Proof. Let f = Bz(Idz): Z — Z', and g = (Bz/)"'(Idz/): Z' — Z. Consider
the following commutative diagram

Home (7', Z) ~225 Home(Z', 2"
Homc(f,Z)l lHomc(f,Z/)
Home(Z, Z) —5 Home(Z,Z")

z

Starting with ¢ in the top left corner, we get Idz/ in the top right corner, and f
in the bottom right corner. On the other hand, we get g o f in the bottom left
corner, hence fz(go f) = f = Bz(Idz). Since Bz is a bijection, we must have
go f =1dz. For the other composition, consider the commutative diagram

Home(Z, Z) —2%— Home(Z, Z')

Homc(g,Z)l J{Homc(g,Z/)
Home (Z', Z) —— Home(Z', 2')
Z/

Once again, starting with Idz in the top left corner and goind around the
diagram gives the equality f o g = Idz. This proves that f: Z — Z’ and
g: Z' — Z are inverse isomorphisms to each other. O
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Proof of Proposition 3.3.1. Let X be an object of C and Y an object of D. Con-
sider 0x y : Home (X, G(Y)) — Homp (F(X),Y) and 0% y: Home (X, G'(Y)) —
Homp (F(X),Y) the two natural isomorphisms associated to the two adjunc-
tions, and define

oxy = (Oxy) " obxy: Home (X, G(Y)) ~ Home (X, G'(Y))

By Lemma 3.3.2, ay = ¢gv),yIdgwy)): GY) — G'(Y) is an isomorphism
for all Y. Hence, it is sufficient to show that « is a natural transformation.
Let f: Y — Z be a map in D, we need to show that the following diagram is
commutative

GY) =25 G'(Y)
a(| le'w) (3.4)
G(Z) — G'(2)

az

Hence, we need to show that G'(f) o ay = G(f) o az. First, consider the
commutative diagram

Pa(y),y

Home (G(Y), G(Y)) — Home(G(Y), G'(Y))
Home (G(V).G(1) | |Home (@6 (1)
Home(G(Y), G(2)) s, Home(G(Y), G'(Z))
Starting with Idg(yy) in the top left corner gives the equality. G'(f) o ay =

©0a(y),z(G(f)). Now, it remains to be proven that vg(yv),z(G(f)) = az o G(f).
To do so, consider the commutative diagram

Home (G(2), G(Z)) —222 Home(G(Z),G'(2))
Homc(G(f),G(Z))l lHomc(G(f)»G'(Z))
Home (G(Y), G(Z)) ———— Home(G(Y), G/ (Z))

PG(Y),z

Starting with Idg(z) in the top left corner gives the desired equality, G(f)oaz =
©G(y),z, which concludes the proof. O

3.4 A useful property of adjunctions

Lemma 3.4.1. Let F': C — D and G: D — C be a pair of adjoint functors
F 4G, with the natural isomorphism

Ox,y: Home(X,G(Y)) ~ Homp(F(X),Y).

Let X and X' be objects of C, and Y and Y’ be objects of D.
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e if f: X > X', g: X =5 GY) and ¢: X' — G(Y) are three maps in C.
Then, the diagram

X f X!
N T )
G(Y)

is commutative if and only if the following diagram is commutative.

F(f) F(X)

\ / (3.6)
0x,v(9) 0x/,v(9")

e Dually, if h: Y =Y’ k: F(X) =Y and k¥': F(X) =Y’ are maps in D,

then the diagram
F(X)
/ X
!
Y - Y

is commutative if and only if the following diagram is commutative

ny \Ox‘y(k)

U
Y) ——%m— ¢

Proof. Let f: X - X' g: X - G(Y) and ¢': X' — G(Y) be maps in C. Use
the naturality of 8 to get the commutative diagram

6 7
Home (X', G(Y)) —% Homp(F(X'),Y)
Homc(f,G(Y))l lHomD(F(f),Y)

Home (X, G(Y)) I Homp (F(X),Y)
Now, starting with ¢’: X’ — G(Y") in the top left corner, the commutativity of
the diagram gives the equality 0x y (¢’ o f) = O0x/ v (¢') o F(f). We now see that
the commutativity of diagram (3.6) is equivalent to the equality 0x y (¢’ o f) =
Ox,v(g), and since Ox y is a bijection this is equivalent to the equality g'o f = g,
hence to the commutativity of diagram (3.5). This proves the first claim of the
lemma.

Exercise 37. Let F: C — D and G: D — C be an adjoint pair, F' 4 G. Consider
FOP: C°P — D and G°P: D°P — C°P defined as in exercise 14.
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e Show that we have an adjunction G°P 4 F*°P (observe that left and right
adjoints are exchanged).

e Deduce the second claim of the lemma by reasoning with opposite cate-
gories.

O

Exercise 38. Let F': C — D and G: D — C, be a pair of adjoint functors F 4 G.
For each of the following diagrams in C, find diagrams in D which commute if
and only if the initial diagram commutes. There may be more than one correct
answer in some cases.

x L )

hi lG(g) (3.7)

X' — GY")

X, - x,

f2l lgl (3.8)

x I am)
f{ lG(gn (3.9)

G(Y2) 5o G(Yo)

f3

flJ/ lgz lga lg(hl) (3.10)




Chapter 4

Limits and colimits

4.1 The category of cones

4.1.1 Diagrams
Definition 4.1.1. Let C be a category. A diagram in C is the data of

e a small category T,
e a functor D: 7 — C

When the small category T is fixed, we may refer to those diagrams as I-
diagrams. We will say that T is the shape of the diagram.

Example 4.1.2. Let us list a few examples of small categories Z, that will fre-
quently appear as shapes of diagrams. We will use the functor from Example
3.2.4 to specify the small category Z through graphs, and then taking the free

category.

e The first class of examples is that of discrete categories. Those are
categories with some set of objects and only identity morphisms.
— The most common example will be the category with two objects,
and only identity morphisms.

— We may also consider a category with n objects, and only identity
morphisms, or even some set of object with infinite cardinality.

— A fundamental example is also Z being the empty category.

e Then, a lot of examples correspond to particular partially ordered sets
seen as categories :

i (4.1)

47
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Where the last three examples should be interpreted as N, N°P and Z

e an important example, which does not fit in the two previous categories
is the following :
T
S (4.6)
e Finally, later on, we will see examples where Z is some abstract small
category.

Remark 4.1.3. Diagrams are simply functors from a small category. Given a
category C and some fixed shape Z, we can consider the category of functors
Fun(Z,C) (see Definition 2.2.6). The difference between functors and diagrams
is simply one of point of view. When considering a diagram, we usually do
not care about any interpretation of the source category Z, it is simply a model
for the shape of the diagram. In particular, it will be extremely frequent that
we skip the description of the functor altogether and just recall the image of
the functor D: Z — C. For example, if 7 is the category corresponding to (4.1)
to specify some diagram D: Z — C in some category C, we will just specify its
image in C as follows:

X

I

YT>Z

Where X,Y and Z are objects of C, and f and g are morphisms in C. In this
section, we will write CZ instead of Fun(Z,C), and it should be understood as a
reminder that we are thinking about the objects in this category as diagrams.

4.1.2 Cones (and cocones)

Definition 4.1.4. Let C be a category and T a small category. Define A: C —
CT as follows

A:C—(CT

AX:T —=C
X = ) — X
i—7 —ldx: X=X

Given an object X in C, AX is called the constant diagram with value X.
Given a morphism f: X — Y in C, define Af: AX — AY as the natural
transformation such that (Af); = f: X =Y for all objects i of T.
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Exercise 39. Check that A is indeed a functor.

Definition 4.1.5. Let D: T — C be a diagram in some category C. A cone on
D is the data of

e an object X of C
e a natural transformation a: AX — D

Ezample 4.1.6. Take 7 to be the discrete category with two objects, ¢ and 7 and
no non-identity morphisms. Then, a diagram D: Z — Set is simply the data
of two sets X = D(i) and Y = D(j). A cone on D is then exactly the data of
some set Z, and two maps

X‘%ZNY

Remark 4.1.7. Starting with the definition of a cone, one can dualize every
definition (and statement, and proof, and exercise) in this chapter. Doing so
will give rise to dual notions, usually denoted with a ”co” prefix. We will focus
on one half of the notions for the first few sections but it is a good exercise to
work through the dual point of view while reading along.

Exercise 40. Let D: Z — C be a diagram in some category C, and X be an
object of C. Show that the data of a cone a: AX — D is equivalent to the data
of maps «;: X — D(i), for all objects 7 € Z, such that for all maps ¢: i — j in
7, the following triangle commutes

2N

) ————
D) D) D)

Definition 4.1.8. Let D: Z — C be a diagram. Define the category of cones
on D, Cone(D) to be the category with

e Objects are cones (X,a: AX — D)

e Gliven two cones (X, ) and (Y, 8), morphisms are the morphisms f: X —
Y in C such that the following diagram is commutative in C*

AX — 2 Ay

N

In particular, Homcone(p) (X, ), (Y, B)) is defined as a subset of Home (X, Y)

e [dentity and compositions are defined by restricting those of C.
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Ezample 4.1.9. Consider the degenerate example where Z = () is the empty
category (with no objects and no morphisms). Then, CZ Is the category with a
single object, the empty functor, D: () — C. We still have a functor A: C — CZ,
which sends every object to the empty functor, D, and every morphism to Idp.
But now, observe that a cone on D is a pair (X,a: AX — D), with AX = D,
and the only possible choice for ais Idp. Thus, in that case, Cone(D) is nothing
more than the category C itself (up to renaming the objects).

Ezample 4.1.10. A slightly less degenerate example is the case where Z is the
discrete category with a single object, which we will denote x (and only the
identity morphism). In that case, functors from Z to C are given by the data of
a single object of C, and we see that CZ is exactly the category C itself. Now,
pick some functor D: Z — C. This amounts to fixing some object X of C such
that D(x) = X. Now, a cone on D is the data of some object Y in C, together
with a map f: Y — X. And the category Cone(D) has, for objects pairs (Y, f),
where Y is an object of C and f: Y — X is a map in C, and for morphisms
between (Y, f) and (Z, g), morphisms h: Y — Z such that the following triangle
is commutative in C

y —h 7

N A

This category is known as the slice category of C over X, denoted C/X or
C | X (also sometimes called the overcategory).

4.2 Limits

4.2.1 Initial and terminal objects

Definition 4.2.1. Let C be a category, and X be an object of C

e the object X is terminal in C (or is a terminal object of C) if, for any
object Y of C, the set Home (Y, X) is a singleton.

e The object X is initial in C (or is an initial object of C) if, for any object
Y of C, the set Home(X,Y) is a singleton.

Remark 4.2.2. Observe that the definitions of terminal and initial objects are
dual to one another. This means that we need only prove properties of terminal
objects to deduce the dual properties of initial objects, see Remark 4.1.7.

Proposition 4.2.3. Let C be a category, and X and X' be two objects of C.
Assume that both X and X' are terminal objects, then there exists a unique
isomorphism in C between X and X'.

Proof. Since X is assumed to be terminal, there exists a unique map f: X' — X.
Similarly, terminality of X’ gives a unique map g: X’ — X. But now, the
composition fog: X — X gives a map in Home (X, X) which must both contain
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Idx and be a singleton. Hence, f o g = Idy and similarly g o f = Idx,. This
proves that X and X’ are uniquely isomorphic. O

Remark 4.2.4. Because of the above proposition, we will often speak of the
terminal object instead of a terminal object, since we do not need to distinguish
between uniquely isomorphic objects. Note that the unicity is of importance.
If X and Y are two objects of some category C, such that there exists several
distinct isomorphism between X and Y, say f: X — Y and g: X — Y, then
caution is needed when identifying them. Say for example that we want to say
that for any Z in C, Home(Z, X) and Home(Z,Y) are “the same set”. It is
true that those two sets will necessarily be in bijection. And such bijections
can be obtained by post-composing by either f or g. But crucially, in general,
post-composing by f or by g will give distinct bijections. To see this, pick
Z = X and consider the image of Idx. Thus, one can only identify X and
Y through some specific isomorphism. On the other hand, in the presence of
a unique isomorphism, no such ambiguity is possible, since the isomorphism
through which we make the identification is necessarily the only one that exists.

Ezercise 41. Identify the initial and terminal objects (when they exist) in the
categories of Example 1.1.4.

4.2.2 Limits and universal properties

Definition 4.2.5. Let D: Z — C be a diagram. The limit of D, if it exists, is
the terminal object of Cone(D).

Remark 4.2.6. We define the limit, where a limit would be a more accurate
term. However, as we have seen in remark 4.2.4, the limit is well defined up to
unique isomorphism (in Cone(D)).

Remark 4.2.7. We just defined the limit of a diagram, D as an object of
Cone(D), that is, a pair (X,a: AX — D). In most cases, we will be mainly
interested in the object of C, X, and may refer to X itself as a or the limit of D.
In this context, we will usually write X ~ ling In that case, we may speak of

the limit cone to designate the pair (X, «). Note however that when speaking
in those terms, as an object of C, the limit of D is no longer unique up to unique
isomorphism, but only up to not-necessarily-unique isomorphism. This is why,
whenever ambiguity is possible, the entire limit cone should be recalled.

The previous definition may be somewhat difficult to parse. One may also
think about limits in terms of universal properties. From this point of view, we
may rewrite the definition into an equivalent, but more enlightening form.

Alternative Definition 4.2.8. Let D: 7 — C be a diagram. A limit cone is
the data of

e some object X in C,

e for alli € obj(Z), maps a;: X — D(i)
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Figure 4.1: The universal property of a limit cone

Such that, for any map @: 1 — j in I, the following diagram commutes

And such that for any other cone (Y, (B:i)icobj(z)), satisfying the same condition,
there exists a unique map h:' Y — X such that for all i € obj(Z), B; = a; o h.

Remark 4.2.9. The above rewriting of the definition correspond to the way we
usually think about universal properties. We have some data, in the form of
the diagram D, and we want to understand how to map into that data (i.e.
the cones). Now, the limit cone, can be thought of as the best single-object
approximation of that data, in that any other way of mapping some object into
the diagram must factor through the limit cone. The situation is summarized
in Figure 4.1. In black is the diagram D, or rather, its image in C. In blue is
(part of) the limit cone. In red is another cone. And the dashed red arrow, is
the unique factorization of the red cone through the blue limit-cone. Note that
every triangle in this diagram is assumed to commute.

Ezercise 42. Convince yourself that Definitions 4.2.5 and 4.2.8 are equivalent.
See Exercise 40.

Exercise 43. Let 7 be the discrete category with two objects, ¢ and j, and no
non-identity morphisms. Let X and Y be two sets, and D: Z — Set be the
functor sending ¢ to X and j to Y. Using the arguments in Motivation 1.1.1,
show that X x Y, together with pry: X XY = X and pry: X XY =+ Y isa
limit cone. Prove the claim of Exercise 1 with the tools of this chapter.
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4.3 Limits in practice

4.3.1 Computations in Set

Let us look at a few examples of diagrams and their limits in Set.

Ezample 4.3.1 (The empty limit). First, consider Z = ) the empty category,
and the unique functor D: Z — Set. Looking back at Example 4.1.9, we see
that the category Cone(D) is simply Set in disguise. Thus, the limit of D is the
data of a terminal object in Set. A terminal object in Set is simply a singleton,
X = {x}, since, in that case, for any set Y, we clearly have that Homget (Y, X)
is a singleton. Indeed, there is always a single map from a set Y to a singleton
{*}, the map sending every element of ¥ to *.

Ezample 4.3.2 (Pairwise products). Now, in Exercise 43, we saw that if Z is
the discrete category with two objects 1 and 2, and D: Z — Set is any functor
with values D(1) = X and D(2) =Y, then the limit cone is simply the product
X x Y with its two projections, pry: X XY — X and pry: X xY = Y.

Ezercise 44. Use the universal property of the (pairwise) product to recover the
diagonal map ¢: X — X x X sending z € X to the pair (z,x).

Ezample 4.3.3 (Arbitrary products). More generally, assume that Z is any dis-
crete category. That is, obj(Z) is an arbitrary set, and Z does not admit any
non-identity morphisms. We will identify Z the category, with obj(Z) the set,
for convenience. Fix some functor D: 7 — Set. We will show that the limit of
D is the (possibly infinite) product liin D ~ [[;cz D(i). First, we indeed have a

cone by considering, for ¢ € Z the projection

pr;: [[ D) = D(i)

jez

There are no commutativity conditions to check, since there are no non-identity
maps in Z. Now, given some other cone on D, i.e. some set X and for all i € Z,
maps f;: X — D(i), observe that we may define a map

I1#:x =[G

i€l i€z
= (fi(r))iez

Furthermore, this map satisfies the equality

pryo[[fi=1

i€l

by construction. Let us show that it is the unique map with such a property.
Let g: X — [],c7 D(i) be a map such that the equality

prjongj
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holds for all j € Z. Then, for any z € X, g(x) must be of the form (g(z);)iez,
by definition of the product. And the above equality then gives g(z); = fi(x)
for all i € Z. This then proves that g(z) = (J[,c7 fi)(x), by definition of the
product. Since the equality holds for all x € X, we have g = [[,c; fi- This
proves the unicity of the map [];.; fi, hence we have shown that [[,.; D(i),
together with the projections pr;, for j € Z form a limit cone for the diagram
D.

Remark 4.3.4. Observe that Examples 4.3.1 and 4.3.2 are both particular cases
of Example 4.3.3. For pairwise products, this is fairly transparent, but for the
case of the empty limit, it should be interpreted as the product of a family of
sets indexed by the empty set, also referred to as the empty product.

Ezample 4.3.5 (Equalizers). Let Z be the category with two objects 1 and 2,
and two parallel maps from 1 to 2, ¢: 1 — 2 and ¥: 1 — 2, in addition to the
two identities Id; and Id;. A diagram D: Z — Set then amounts to the data of

e two sets, X = D(1), Y = D(2),
e two parallel maps f = D(p): X Y andg=D(¥): X =Y.

Now, a cone on D is the data of some set Z and two maps ax: Z — X and
ay: Z — Y such that
foaxzay:goax. (47)

To understand the above condition, consider the following diagram

To have a cone, the triangles obtained by discarding either f or g must both be
commutative. In particular, observe that if we already know that Z, together
with ax and ay is a cone, then the data of ay becomes entirely redundant,
since it can be recovered through Equation (4.7). For this reason, when think-
ing about cones over this particular diagram, we will only recall the map ax,
together with the condition that

foax =goax (4.8)

since this is equivalent to the existence of a unique ay: Z — Y making 7, ax
and oy into a cone in the usual sense.

Now, we claim that a limit cone of D is given by a particular subset A C X,
together with its inclusion, where the subset is defined via

A={zeX|f(x)=g(x)}

Indeed, the inclusion i4: A — X satisfies the equation

foia=goia
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by construction. To see that it is universal, let Z be some set, together with
a map a: Z — X such that (4.8) is verified. Then, given any z € Z, we have
that f(a(z)) = g(a(z)), hence a(z) € A. This means that « factors through the
inclusion i4: A < X. Since i4 is an inclusion, this factorization is necessarily
unique, hence 1i£1D is the cone (A,i4). The limit of this particular shape of

diagram is of fundamental interest, hence has been given the name equalizer,
and will often be denoted Eq(f,g). Depending on context, Eq(f, g) may stand
for the set A itself, or for the limit cone (4,4 — X).

Ezample 4.3.6 (Pullbacks). Let Z be the category with three objects 0,1 and
2 and two non-identity maps ¢: 0 — 2 and ¢: 1 — 2. A diagram D:Z — Set
then correspond to the following data :

X = D(0)

lf:D(w)
Yy = (1) =2% 7 = p(2)

By exactly the same reasoning as in Example 4.3.5, in order to specify a cone on
D, it is sufficient to specify a set W and twomapsax: W — X anday: W — Y
such that

fOOtX:gOOéy (49)

Now, observe that the product X x Y comes with two maps pr;: X xY — X
and pry: X x Y — Y. However, pr; and pr, do not satisfy equation (4.9).
Nevertheless, we have two parallel maps

PN

XxY Z

., A

Now, we can compute the equalizer Eq(f o pry, g o pry), which gives a map
ia: A — X xY. By construction, pryois: A — X and pryois: A — Y satisfy
Equation (4.9), and hence, A forms a cone with those two maps. Let us prove
that it is a limit cone.

Let W be a set, and ax: W — X and ay: W — Y be two maps such that
Equation (4.9) is satisfied (i.e. a cone on D). By Example 4.3.2, the two maps
ax and ay must factor uniquely through X XY, via some map ax: W — X xY.
But now, by assumption, we have

foprioax = foax =goay =gopryoay

This proves that ay satisfies Equation (4.7) (from Example 4.3.5) with respect
to the diagram given by fopr;: X xY — Z and gopry: X XY — Z, hence
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the map ax: W — X x Y must factor through A. The situation is summarized
in the following diagram

ax
X
pry \f/‘
Wl A X xY 7z
\/ /
Qx pro g9
Y

ay

The blue parts of the diagram is the data of an arbitrary cone on D. The black
part has been constructed earlier, and we have shown that the blue cone must
factor through the red solid map to X x Y, which further factors through the
dotted red arrow to A. Now, we need to prove that this dotted arrow is unique.
That is, given some h’': W — A such that pryoigoh’ = ax and pryoigoh’ = ay,
then we necessarily have ' = h. Let w € W and observe that i4 o h/(w)
correspond to some element (z,y) € X X Y. However, by construction of the
product, we must have pr;(z,y) = z = ax(w), by assumption. And similarly
for the second projection. Hence, i4 o b/ (w) = (ax(w),ay(w)) = i4 o h(w).
Since this is true for any w € W, we must have i4 o h = i4 o h’. Now, since
i4 is a monomorphism (see Exercise 8), we must have h = h’, which proves the
unicity of h. Finally, we have shown that A, together with pr; oi4 and pryoig
is a limit cone for D.

It will be convenient to have a more explicit and direct description of the
limit. Observe that the subset A C X X Y can be explicitely described as

A={(z,y)|ze X, yeY, f(z)=9(y)} (4.10)

From this description, we can directly define the mapspr;: A — X and pry: A —
Y as those maps sending the pair (z,y) to z € X and y € Y respectively.

Ezercise 45. Prove directly (without using Examples 4.3.5 or 4.3.2) that the set
described in Equation (4.10), together with the map pr; and pr, forms a limit
cone for the diagram D.

This particular shape of limits is perhaps, together with products, the most
common limit appearing in category theory. They are named pullbacks, and
we may say that "pr;: A — X is the pullback of g: Y — Z along f: X — 27,
and we will often write X Xz Y, or more precisely X x,Y, to stand for the
limit A. Furthermore, whenever a square of the form :

W —— X

L)

YT>Z
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is actually a limit cone, we will simply state that it is a pullback square, or
that W is the pullback, which we may write W ~ X xz Y.

Ezercise 46. Let XY and Z be three sets, and f: X — Z, g: Y — Z be two
maps. We aim to compute the pullback

XxzY — X

| s

y —2 7

in particular cases.

o Assume that Y = {y} is a singleton with g(y) = z. Show that X x 7Y — X
is the inclusion f=1(2) — X.

e Assume that both f: X — Z and ¢g: Y — Z are inclusions of subsets.
Show that X xz Y = X NY is the intersection, with X xz Y — X and
X XzY — Y the subset inclusions.

e Assume that g: Y — Z is the inclusion of a subset. Show that X xzY —
X is the inclusion of f~1(Y) — X and that the map X xz Y — X is the
restriction fjy-1yy: f7H(Y) =Y.

e Let f1,fo: X — Y be two maps between sets. Let Z be the product
Y xY, and f: X — Z be defined by f(x) = (f1(x), f2(x)), for z € X.
Define g=6: Y — Y xY = Z as in Exercise 44. Prove that the diagram

Eq(fi, fo) —— X

e

YTYXY

is a pullback square.
Ezercise 47 (From Partial Exam of November 2023). Consider the following

commutative diagram in Set.

x -ty 9,z

L
X’T>Y’T> zZ'

For each of those claims, give a proof or find a counter-example.

1. If the right and left squares (i.e. those given by g¢,¢’, 8,7 and f, f', «, 8
respectively) are both pullback-squares, then the rectangle is a pullback
square (i.e. the square given by go f,¢’ o f/, &, 7).

2. If the right square and the rectangle are both pullback squares, then the
left square is a pullback square.

3. If the left square and the rectangle are both pullback squares, then the
right square is a pullback square.
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4.3.2 Existence of limits and completeness

Definition 4.3.7. Let C be a category, and I some fixed small category. We
say that C admits all T-shaped limits if, for all diagram D: T — C, the limit
lim D exists. When I is a discrete category with two objects, we will say that

Ceadmits all pairwise products. If T is the category with two parallel maps, we
will say that C admits all equalizers.

If C admits all T shaped limits for T any small discrete category, we will say
that C admits all products.

If C admits all Z-shaped limits for T any small category, we will say that C
is complete.

Remark 4.3.8. Given a small category Z, it is entirely possible for some category
C to admit some Z shaped limits, but not all Z-shaped limits. Explicitely, it
may be the case that there exists two diagrams Dy: Z — C and Ds: Z — C such
that Dy admits a limit and Ds does not. Understanding such an example is the
object of the next exercise.

Exercise 48. Let n > 0 be an integer. Let C, C Set be the full subcategory
whose objects are the sets {1,...,k}, for 0 < k < n (the set corresponding to
k = 0 is the empty set). Let Z be the discrete category with two objects, 1 and
2. Let 0 < k1, ko < n be two integers and D: Z — C be the diagram sending 1
to k1 and 2 to ko

e Show that if k1 X ko < n, then D admits a limit, and the limit is the set
{1,...,k1 X ko}. Determine a limit cone.

e Show that if &y X ks > n, then D does not admit a limit.
e Deduce that C, does not admit all pairwise products.

e Now, consider the full subcategory C C Set whose objects are the sets
{1,...,k} for k > 0 an integer. Show that C admits all pairwise products.

Exercise 49. Let C be a category. Assume that C admits all pairwise products.
Let Z be a finite, discrete category, and D: Z — C be a diagram. Show that
lim D exists. In that case, we will say that C admits all finite products.

“—

The following theorem is of immense practical use. A lot of the categories we
will be interested in will be complete. And when they are not, we will usually
want to relate them to complete categories. We need an efficient way to prove
completeness of a category, and to compute limits in a complete category. This
theorem provides us with a way to do both.

Theorem 4.3.9. Let C be a category. The following are equivalent.
e C is complete,
e C admits arbitrary products and equalizers,

e C admits arbitrary products and pullbacks.
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Proof. Clearly, if a category is complete, then it admits arbitrary products,
equalizers and pullbacks. Now, observe that in Example 4.3.6, we exhibited a
computation of pullbacks from pairwise products and equalizers (in the category
Set), and in Exercise 46, we exhibited the equalizer of two maps as a pullback.

Ezercise 50. Generalizing Example 4.3.6 and Exercise 46 to an arbitrary cate-
gory, show that the following assertions are equivalent

e C admits all finite products and pullbacks,
e C admits all finite products and equalizers.
e (To do after having read this proof) C admits all finite limits.

The above exercise implies the equivalence between the second and third as-
sertions in the theorem. Thus, it is sufficient to prove that a category admitting
all products and equalizers is complete. Assume that C is such a category, Z a
small category and D: 7 — C is some diagram. Let us explicitly compute a limit
cone for D. We follow the point of view of Alternative Definition 1.2.3 for the
small category Z. Let I = obj(Z) be the set of objects in Z, and M = mor(Z)
be the set of morphisms of Z, recall that s,t: M — I associate to any map
its source and target respectively. Since, by assumption, all products exist in
C, we may consider the products [[,c; D(i) and [ ¢ D(t(¢)). We will now
define two maps from the former to the latter. Let ¢ € M be a morphism in Z.
Consider the composition

PTs(¢)

[Lic; DG) —

D(p)

D(s(¢)) D(t(¢)) (4.11)

The compositions D(¢p) o pry(,, for ¢ € M form a cone on the (discrete)
diagram M — C, sending ¢ to D(t(y¢)) (this is the diagram whose limit is
[T e D(t())). Hence, it factors through a unique map

Dopr,: [[DG) — J] Dt(e)).
el peM

On the other hand, given ¢ € M, we may simply consider the projection

priey: [ [ PG) = D)
il
Similarly, this is a cone, and thus factors through a unique map
pr.: [[PG) = [I D)

el peM

We now have two parallel maps (coming from two distinct cones)

LD) =Ea(Dopry,pr) - [T DG) 11 D)
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and we can take the equalizer. Now, consider the object L(D) of C, together
with the morphisms 3; = pr; o a: L(D) — D(3), for ¢ € I. Let us show that it
is a limit cone for D.

First, we need to show that it is a cone. Let ¢: ¢ — j be a morphism in Z,
and consider the (non-commutative) diagram

T
[1 D(k) [T D(t(v))
/ kel DOIE——) peM
L(D) PTa(e) Py

We want to show that 8; = D(p) o f;. By definition, 8; = pr; o o, but by
construction, we also have pr; = pry() = pr,opr,. This gives, Bj = pryoproa.
Or, since (L(D), @) is the equalizer of pr, and Dopr,, we have pr,oa = Dopr o,
which gives ; = pr, o Dopr oa. But, the composition pr,oDopr, is precisely
the composition defined in Equation 4.11, hence is equal to D(y) ©Pry(y), which
gives 3; = D(p) o pry(,,) © a. Now, noting that s(p) = i, and that 3; = pr; o a,
we finally get 8; = D(¢) o B;. Hence, (L(D), (Bi)icr) is a cone for D.

Let us now show that it is a limit cone. Let X be an object of C, and 7;: X —
D(i) be maps such that (X, (7;)icr) is a cone on D. Then, the collection of ~;
also forms a cone on the discrete diagram I — C, sending i to D(7), hence factors
through a unique map 6: X — [[..; D(i). Now, consider the two compositions

i€l
5 %
X —— I D(k) [I D(t())
kel m_/» YeEM

To show that they are equal, it is sufficient to check that for any map p: ¢ — j
in Z, the postcomposition with pr,, yields equal results. But, by the previous
discussion, post-composing pr, with pr,, is equal to pr;, and postcomposing
D o prg with pr,, yields D(¢) o pr;. Thus, we need to check that pr; 0§ =
D(p)opr;0d for all p: ¢ — jinZ. On the other hand, by assumption, (X, (v;)icr)
is a cone on D, and thus v; = D(p) o ~;. The result then follows since, for all
i € I, v; = pr;00, by definition of §. Now, the universal property of the equalizer
gives the existence of a unique map

h: X — L(D)

Such that 6 = awo h. This also implies that v; = pr,0d =pr,oaoh = ;0h
for all ¢ € I, and thus, h also factors the cone (X, (7;)icr). We need to show
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that h does so uniquely (observe that the unicity condition we already have on
h is note quite in the desired form). Assume that we are given some other map
h': X — L(D) such that for any i € I, v; = h’ o ;. Then, for any i € I,
pr; o0 = pr; oo h’. This implies that § = «a o A/, by the universal property
of the product. Hence, A’ = h, by the previous unicity. Finally, we have shown
that (L(D), (8;)icr) is a limit cone for D. O

Remark 4.3.10. In practice, we will almost always use this theorem to prove that
a category is complete. This will amount to showing by hand that products and
either equalizers or pullbacks exist. Usually by exhibiting a formula for those,
and then deducing that the category is complete. When it comes to actually
computing a limit, then depending on context, we may either use the explicit
construction of L(D) which appeared in the proof of Theorem 4.3.9, or ”guess”
the limit, and show by hand that it satisfies the universal property.

Corollary 4.3.11. The category Set is complete

Proof. By Theorem 4.3.9, it is enough to show that arbitrary products and
equalizers exist in Set, but this was done in Examples 4.3.3 and 4.3.5 respec-
tively. O

Let us finish this (sub)-section with the following unintuitive result.
Proposition 4.3.12. Let C be a category. Assume that

o C is complete

e C is small

Then, for any two objects X and Y in C, Home(X,Y) is either empty or a
singleton. i.e. C must be a pre-ordered set, seen as a category.

Proof. Since C is assumed to be small, its set of morphism mor(C) must have
some cardinality A. Now, assume that there exists two distinct parallel maps in

C, f#g: X =Y, and consider the product [] Y ,i.e. the limit of the constant
EEX
functor from A seen as a discrete category to C, sending every element k € A to

Y. It must exist, since C is assumed to be complete. The universal property
of the limit tells us that maps from X to this product correspond exactly to
arbitrary choices of maps ay: X — Y for £ € \. We can produce such maps by
chosing for each k € X either f or g. This gives

2) ~ P(\) < Home (X, HY) C mor(C) ~ A
P

Thus, passing to cardinality gives the inequality 2* < X, which is a contradiction
(since A must be at least 2, since we have at least two distinct maps f and g).
Thus, there cannot exist two parallel distinct maps in C. O
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Remark 4.3.13. The above proposition is surprisingly easy to prove for a state-
ment with such consequences. It means that for all intents and purposes, the
category we are interested in cannot be assumed to be both small and complete.

It is somewhat common in a lot of references about category theory to freely
assume that any category is small (see the discussion in section 1.5). One sees
with the above result that this cannot be done carelessly without running into
contradictions. In fact, if one really wants to get rid of the smallness hypothesis,
it is possible to do so (and indeed, most of the above mentioned references are
in fact rigorous in their approach to category theory, or at least can be made
so in a straightforward way). And one may actually want to do so, seeing as
this hypothesis keeps appearing throughout the text. See Alternative Definition
1.2.3 (which cannot be phrased for general categories), Definition 2.2.6, or even
the lack, so far, of a Yoneda Lemma (it will appear in Chapter 5), whose power
is far lesser with this kind of restriction.

Working with this point of view, however forces one to be much more careful
when considering limits (and categories of diagrams in general). Indeed, in those
context where we want to work with the assumption that ”every category is
small, in some sense”, we need to always be mindful of the cardinality of all
categories involved. The notion of completeness, without further qualification,
becomes somewhat meaningless, and is replaced by the notion of A-completeness,
where A can be any cardinal. A category is A-complete, if for any category Z
where the cardinality of mor(Z) is less than or equal to A, and any diagram
D: T — C, the limit of D exists in C. On the other hand, we may say that C
is A-small if the cardinality of mor(C) is smaller than or equal to A (recall that
every category is small, so we can speak of the set of morphisms in that case).

In this context, the above proposition then becomes ”for any cardinal A, if
C is a category that is both A-small and A-complete, then C is a preorder”. In
particular, we still retain the intuition, ”a category cannot be both small and
complete” it has to be in a sense, less small than it is complete, i.e. if it is
A-small and k-complete, then we must have A > . The point of view taken in
those notes was chosen specifically to avoid those constant subtleties without
sacrificing any of the rigor. The price to pay was a slightly less powerful theory.

4.3.3 Limits and adjunctions

The computation of limits and of right adjoints happen to be closely related in
two ways. First, in suitably nice cases (for example when a category is complete),
there is actually a functor associating its limit to any diagram, which can be
seen to be a right adjoint. This is the content of Proposition 4.3.14. On the
other hand, right adjoint in generals can be shown to preserve limits in a very
precise sense. This is the content of Proposition 4.3.15.

Proposition 4.3.14. Let C be a category, and T be a small category. Then, C
admits all I-shaped limits if and only if the functor A: C — CT admits a right
adjoint.
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In that case, the right adjoint lim: C* — C sends a diagram D to its limit
—

lim D.
—

Proof. Let us first assume that there exists a functor G: CZ — C, such that
A - @ is an adjoint pair. Let D: Z — C be a diagram (hence an object of CT),
and let us show that G(D) is a limit for D. First, we need to exhibit the limit
cone. Observe that the co-unit of the adjunction gives a map ep: A(G(D)) —
D, which is precisely a cone on D. Let us prove that this cone is terminal in
Cone(D).

Let a: AX — D, where X is an object of C be an arbitrary cone on D. The
adjunction A 4 G gives us a map 6~ !(a): X — G(D), applying A to this map,
then composing with ep gives the composition

Ax 20 N AgD) —2 . p

~_ .

Where, by definition of 6, the two horizontal maps compose to « (see the proof
of Proposition 3.1.4). Hence, we have proven that any cone on D must factor
through ep. It remains to be proven that this factorization is unique. let
f: X — G(D) be amap in C such that the following diagram is commutative.

AX 255 AG(D)
\ Jev
D
Apply G to the entire diagram, and precompose with x to produce the following
commutative diagram (composed of the solid black arrows)

G(D)

f NG (D)

x 27 qax) 24 gacp))

Xw) icxem

\
N
N

Y G(D)

S~ -
0~ (a) TTTT

Now, the composition G(a) o nx is equal to §~1(a) (see Proposition 3.1.4),
hence we can add the dotted arrow to the commutative diagram. Furthermore,
since 7 is a natural transformation, adding the two blue arrows still yields a
commutative diagram. Finally, observe that the composition G(ep) o ng(py is
equal to Idp, as one of the assumption on an adjunction, hence we must have
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6~ '(a) = f, which proves the unicity of the factorization. Finally, we have
proven that the limit of D exists, and that lim D ~ G(D).
—

For the other direction, we either need some (strong) version of the axiom
of choice, or strengthen the hypothesis so that a particular choice of limit cone
(G(D),ap) has been made for each diagram D (note that for the direction we
just proved, we produced a choice of limit cone for each diagram D through
G(D) and €p). In either case, we will be able to define G: CT — C on objects
via G(D) = ligl D, for some choice of representative. Now, given a map in

C%, f: D — D', we need to define a map in C G(f): G(D) — G(D'). But,
since we know that G(D) and G(D’) are limits, through the universal property
of limits, it is sufficient to define a map AG(D) — D’ in CZ. We proceed as
follows. First, consider the limit cone a: AG(D) — D. For all objects 4 in Z,
set B; = fioa;: G(D) — D'(i). We need to show that G(D) together with the
B, for i € obj(Z) forms a cone on D’. Let ¢: i — j be a map in Z, and consider
the following diagram

D) L D/ (i)
G(D) D(¢) D'(¢)

D(j) —— D'(j)

The left triangle is commutative, since the «; form a cone, and the square is
commutative, since f: D — D’ is a natural transformation. Furthermore, the
top and bottom compositions are equal to 3; and ; respectively. Hence, we
have the equality D’ () o 8; = f3;, which proves that G(D) together with the j;,
for i € obj(Z) form a cone on D’. The universal property of the limit then gives
a unique factorization of this cone through some map G(f): G(D) — G(D").
This defines the action of G on morphisms.

Ezercise 51. Use the universal property of limits to prove that G is indeed a
functor, i.e.

e if f: D — D’ and g: D' — D" are two maps in CT, prove that G(go f) =
G(g) 0 G(f)

o G(IdD) = Idg(D)

We now need to prove that G is a right adjoint to A. Let X be an object of
C, and D an object on C. Consider the following composition

Home (X, G(D)) —2— Homez(AX, AG(D))

\ lHomCI(AX)O‘D) (412)

Homez (AX, D)
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Since by hypothesis, (G(D), ap) is a limit cone for D, the diagonal map must
be a bijection. Now, what remains to be proven is that it is natural. This is the
content of the following (non-trivial) exercise.

Ezercise 52. e Let F': C — D be a functor, show that the map, defined for
all X,Y objects of C

F: Home(X,Y) — Homp (F(X), F(Y))

is natural in X and Y.

e Prove that the horizontal maps in (4.12) is natural in X and D (hint :
you may want to look back at the results at the end of Section 2.2).

e Prove that the collection of ap: AG(D) — D for D objects of C* forms
a natural transformation.

e Deduce that the vertical map in (4.12) is natural in X and D and conclude.

O

Proposition 4.3.15. Let G: C — D be a functor. If there exists F': D — C
such that F 4 G is an adjoint pair, then for any diagram D: T — C, and any
limit cone of D, (X, (a)ieobj(z)), (G(X), (G(%))icobj(z)) is a limit cone for the
diagram G o D: T — D. We will say in that case that G preserves limits.

Proof. Let F be a left adjoint to G, and D: T — C be a diagram, together with
a limit cone on D, formed by an object of C, X, and maps «;: X — D(i), for
i € obj(Z). Let us first prove that G(X), and the maps G(«;): G(X) — G(D(3))
form a cone on G o D. Let ¢: i — j be a map in Z. By assumption, we have
a; = D(p)oay. Applying G then gives G(a;) = G(D(y)) o G(cy), which proves
that the G(«;) form a cone on G o D.

Let us now prove that it is a limit cone. Let Y be an object of D, and
Bi: Y — G(D(7)), for i € obj(Z) be a family of maps forming a cone on GoD. In
particular, for any map in Z, ¢: i — j, we must have 5; = G(D(p))o ;. On the
other hand, the adjunction F' 4 G gives a family of maps 6(5;): F(Y) — D(4),
for any ¢ € obj(Z). Furthermore, for any map ¢: ¢ — j in Z, by Lemma 3.4.1, we
have the equality 0(3;) = D(p)o0(8;), hence (F(Y), (8(8i))icobj(z)) is a cone on
D. The universal property of the limit then gives the existence of a unique map
h: F(Y) — X such that 0(8;) = «; o h for all i € obj(Z). Using Lemma 3.4.1
once more, we have that 71(h): Y — G(X) factors the cone (Y, (53;)) through
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(G(X), (G(ay))). The situation is summarized in the following diagram

0(8:)
G(D(i))

o ool ~

G(D(¢))

0(8;)

We just need to show that §~1(h): Y — G(X) is the unique map such that 3; =
G(a;) 0071 (h) for all i € obj(Z). Let g: Y — G(X) be such that G(a;)og = j3;
for all i € obj(Z). Then, by Lemma 3.4.1, we must have 6(5;) = «; 06(g), for all
i € obj(Z). The unicity of h then implies that 6(g) = h, but since 6 is a bijection,
we finally have g = #=*(h). This proves the claim that (G(X), (G(as))icobi(z))
is a limit cone for G o D. O

Remark 4.3.16. There are some partial reciprocal for Proposition 4.3.15. See
for example [ , Theorem 2, chapter V.6, p120]. Note however that the
categories for which this theorem applies fall in the case detailed by proposition
4.3.12. Even though they are limited, the existence of those reciprocals is still
useful as a first test when one suspect that a functor may be a right adjoint
: does it preserve limits ? (this is especially relevant if the source category
happens to be complete). If the answer is yes, then chances are, the functor is
a right adjoint and it becomes a matter of exhibiting the left adjoint, and if the
answer is no, then we know it is not.

4.4 Colimits

As mentionned earlier, every concept we have seen so far in this chapter can
be dualized. Dualizing the notion of limits gives the notion of colimits. In
this section, we make this process explicit. Throughout, we will refer to the
particular Definitions and properties being dualized.

4.4.1 Definition by dualization

Before defining limits, we need to define the category of cocones.

Definition 4.4.1 (Dual of Definition 4.1.8). Let D: Z — C be a diagram. Define
the category of cocones on D, coCone(D) to be the category with

e Objects are cocones (X,a: D — AX), where a: D — AX is a natural
transformation.



4.4. COLIMITS 67

e Gliven two cocones (X, ) and (Y, B), morphisms are the morphisms f: X —
Y in C such that the following diagram is commutative in C*

D
/ x
AX — 2 S AY
In particular, Homgcone(p) (X, @), (Y, B)) is defined as a subset of Home (X,Y)

o [dentity and compositions are defined by restricting those of C.

Exercise 53. Let D: T — C be a diagram. Write D°P for the corresponding
functor D°P: Z°P — C°P. Show that, with the above definition

coCone(D) = (Cone(D°P))°P

(Observe that, for (X, aP), (Y, 3°P) two cones in Cone(D°P), Homgone(per) ((X, a°P), (Y, B°P)) C
Homeor (X,Y).)

Definition 4.4.2 (Defining the colimit as dual to the limit). Let D: Z — C be
a diagram, and «: D — AX, be a cocone. It is a colimit cocone (sometimes
abusively called colimit cone or, even worse, limit cocone) if a°?: AX — D°P
is a limit cone in Cone(D°P).

Remark 4.4.3. The above definition is almost never relevant in practical com-
putations. However, it allows one to deduce all of the properties of the colimit
from those of the limit. See Section 4.4.4.

4.4.2 Universal property of colimits

Let us rephrase the definition of colimits in more familiar terms.

Alternative Definition 4.4.4 (Dual of Definition 4.2.5). Let D: Z — C be a
diagram. The colimit of D, if it exists, is the initial object of coCone(D).

Once more, we can rephrase this definition in terms of universal properties.

Alternative Definition 4.4.5 (Dual of Alternative Definition 4.2.8). Let D: 7 —
C be a diagram. A colimit cocone is the data of

e some object X in C,
e for alli € obj(Z), maps a;: D(i) = X
Such that, for any map ¢: i — j in I, the following diagram commutes

D(i)



68 CHAPTER 4. LIMITS AND COLIMITS

Figure 4.2: The universal property of limit cones and colimit cocones

And such that for any other cone (Y, (Bi)icobj(z)), satisfying the same condition,
there exists a unique map h: X —'Y such that for all i € obj(Z), B; = ho «;.

Remark 4.4.6. We can now complete Figure 4.1 with the colimit cocone. See
Figure 4.2. On the left, we have in blue the limit cone, and in red an arbitrary
cone. On the right, in blue the colimit cocone, and in red, an arbitrary cocone.
We will denote lim D for the colimit. This figure should serve as a motivation

=
for this notation. Given a diagram lim D and lim D should be thought of as
— —

sitting immediatly ”before” and ”after” the diagram, when thinking in terms
of the flow of arrows. For the same reasons, in old texts, the limit, lim D is

pa.

sometimes called the inverse limit, because one has to go against the flow of

arrows (from the diagram) to reach the limit, whereas the colimit, lim D, is
—

called the direct limit, because it is reached by following the flow of arrows
from the diagram. Note that any given diagram may admit both a limit cone
and a colimit cocone, only one of them, or neither.

Exercise 54. Convince yourself that Definition 4.4.2 and Atlernative Definitions
4.4.4 and 4.4.5 are equivalent.

FEzercise 55. Let Z be the discrete category with two objects.

e Let D: 7T — Set be the functor with values X and Y, two sets. Show that
lim D is the disjoint union X [[Y (Hint : dualize everything in Motivation
—

1.1.1).

e Let D: Z — k—Vect. Show that the objects liinD and li_r>nD are isomor-
phic (Hint : compute them first).

4.4.3 Computations in Set

Let us look at a few examples of colimits in Set
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Ezample 4.4.7 (The empty colimit). Consider Z = ) the empty category with
no object and no morphisms, and the unique functor D: Z — Set. Its colimit
must be an initial object of coCone(D), which can be seen to be equivalent to
Set itself (Dualize Example 4.1.9). Set admits for an initial object the empty
set, . Indeed, given any set X, there exists a unique map — X, the empty map.

Ezample 4.4.8 (Pairwise disjoint unions). Let Z be the discrete category with
two objects. We have seen in Exercise 55 that given a diagram D: Z — Set, its
colimit is the disjoint union.

Ezample 4.4.9 (Arbitrary disjoint unions). Let Z be a discrete category, with
the set I = obj(Z) of arbitrary cardinality. And let D: Z — Set be a diagram.
Then, the colimit of D is the disjoint union :

lim D = | 1§20
iel
The colimit cocone is formed by considering the inclusions ¢;: D(j) < [],c; D(4)

FEzercise 56. Show that the cocone formed by the inclusions ¢;, for j € I is
indeed a colimit cocone. (Hint : you can dualize the reasoning of Example
4.3.3, and check that the arguments also hold).

Ezample 4.4.10 (Co-equalizers). Let Z be the category with two parallel maps.
i.e. Z has two objects, 1 and 2, and two parallel maps from 1 to 2, p: 1 — 2
and ¥: 1 — 2, in addition to the two identity maps, Id; and Id;. A diagram
D: 7T — Set is the data of

e two sets, X = D(1) and Y = D(2),
e two parallel maps, f = D(p): X Y andg=D¥): X =Y

Following Example 4.3.5, we will find that the data of a cocone reduces to the
data of a set Z, together with a map a: Y — Z, such that ao f = aog. The
colimit cocone of D will be obtained by considering a specific quotient of Y.
Consider on Y the equivalence relation, denoted by ~, generated by

fl@)~g(x),VeeX

i.e. the relation ~ is the smallest transitive, reflexive and symmetric relation
containing the pairs (f(z), g(x)) for all x € X.

Exercise 57. Let y # vy € Y, show that y ~ 4’ if and only if there exists n > 1,
and a sequence of elements in X, (2;)1<i<n such that

e y=flz) ory=g(a1)
o forall1<i<n-—1, f(z;) = g(x;t1) or g(z;) = f(xit1)

oy = f(zn) or y = g(zn).
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Let Z =Y/~ be the quotient under the equivalence relation ~, and p: ¥ —
Z be the quotient map. We will show that (Z,p) is the colimit cocone. Let
us first see that it is a cone. Let z € X, and consider the two compositions
po f(x) and p o g(x). By definitions, they are equal to equivalence classes,
[f(2)] and [g(x)] respectively. By definition of the equivalence relation, we have
[f(x)] = [g(x)], hence po f = po g, which proves that (Z,p) is a cocone.

Now, let a:' Y — W be any map such that ao f = a o g. Let us show
that it must factor through some map h: Z — W. We define h: Z — W as
follows. Any element in Z is an equivalence class [y] for some y € Y, and we
can define h([y]) = a(y). We need to check that h is well defined. Let y and
y' be two elements in Y such that y ~ y’. If they are equal, then there is
nothing to check. Otherwise, there must exist some sequence z1,...,T,, as in
Exercise 57. But now, by assumption, oo f(x;) = ao g(x;), for all 1 < i < n,
hence, a(y) = a(y’). This means that the definition of h([y]) does not depend
on a choice of representative for the equivalence class [y]. In particular, h is
well-defined, and satisfies & = h o p. In addition, h is necessarily unique since
the condition o = h o p determines h on each equivalence class. This proves
that (Z,p) is the colimit cocone. We will call it the co-equalizer of f and g,
sometimes denoted coEq(f, g).

Ezample 4.4.11 (Pushouts). Let Z be the category with three objects, 0,1 and
2, and two non-identity morphisms, ¢: 0 — 1 and ¥: 0 — 2. A diagram
D: 7T — Set then correspond to the following data:

f=D(¢)

X = p(0)=2%y — pa)
g:D(%
Z = D(2)

As we have seen several time before, specifying a cocone on D amounts to
choosing a set, W, and two maps ay: Y — W and az: Z — W, such that
ay o f = azog. Now, a reasoning dual to Example 4.3.6 gives that the colimit
cocone should be a quotient of Y ][ Z, under some equivalence relation, ~,
generated by, for y € Y and z € Z

JreX, fe)=yand g(z)=2z=y~z

Ezercise 58. Prove that the quotient of Y [[ Z by the above equivalence relation
is indeed a colimit (Hint : dualize the arguments of Example 4.3.6).

This particular shape of colimit is called a pushout (or push-out). Given

the colimit cocone

X%

Y
g lby
ZT>W

We may say that "¢y is the pushout of g along f”, and we will often write YUx Z
or Y [[y Z to stand for the colimit W. We may even write, to be more specific,
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Y ;UyZ. Furthermore, whenever a square of this form is a colimit cocone, we
will simply state that it is a pushout square, or that W is the pushout, which
we may simply write W =Y Ux Z.

Ezercise 59. We aim to compute some specific pushouts.

e Let E be a set, and Y,Z C E be two subsets, Show that the following
square is both a pullback square and a pushout square.

YNZ —Y

| l

Z —YUZ
e Let A C X be the inclusion of a non-empty subset. Show that the square

A —— {x}

b

X 25 X/A

is a pushout square. Where, X/A is the quotient of X under the equiva-
lence relation ~, where, for x,z’ € X, we have x ~ 2’ if and only if x = 2/
or z and z’ are both elements of A. In this case, p: X — X/A is the
quotient map, and 7 sends * to the equivalence class of elements of A.

4.4.4 Properties of colimits

All abstracts properties of colimits can be deduced from those of limits by
dualizing. Nevertheless, it may be useful to have those states explicitly, so we
recall them here.

Exercise 60. Write the proof for each of those statements by dualizing the
arguments of the previous sections.

The dual notion to completeness is cocompleteness, we briefly state its
definition below.

Definition 4.4.12 (Dual of Definition 4.3.7). Let C be a category, and Z some

fized small category. We say that C admits all T-shaped colimits if, for all

diagram D: T — C, the colimit lim D exists. When 7 is a discrete category with
—

two objects, we will say that C admits all pairwise coproduct. If T is the category
with two parallel maps, we will say that C admits all co-equalizers.

If C admits all T shaped colimits for T any small discrete category, we will
say that C admits all coproducts.

If C admits all Z-shaped colimits for T any small category, we will say that
C is cocomplete.

If a category is both complete and cocomplete, we will say that it is bicom-
plete.
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Theorem 4.4.13 (Dual of Theorem 4.3.9). Let C be a category. The following
are equivalent.

e C is cocomplete,

o C admits arbitrary coproducts and coequalizers,

o C admits arbitrary products and pullbacks.
Corollary 4.4.14. The category Set is bicomplete.

Proof. By Corollary 4.3.11 is complete. By Theorem 4.4.13, it is enough to
show that Set admits arbitrary coproducts and coequalizers to deduce that it is
cocomplete, but this was done in Examples 4.4.9 and 4.4.10. O

Proposition 4.4.15 (Dual of Proposition 4.3.12). Let C be a category. Assume
that

e C is cocomplete,
o C is small.

Then, for any two objects X and Y in C, Home(X,Y) is either empty or a
singleton. i.e. C must be a pre-ordered set, seen as a category.

Proposition 4.4.16 (Dual of Proposition 4.3.14). Let C be a category, and T a
small category. Then, C admits all T shaped colimits if and only if the functor
A: C — CT admits a left adjoint.

In that case, the left adjoint liin: Ct — C sends a diagram D to its colimit

lim D.
—

Proposition 4.4.17 (Dual of Proposition 4.3.15). Let F: C — D be a func-
tor. If there exists G: D — C such that F - G is an adjoint pair, then
for any diagram D: T — C, and any colimit cocone of D, (X, (c)icobj(z));
(F(X), F(ci)icobj(z)) is a colimit cocone for the diagram F o D:T — D. We
will say that F preserves colimits.

4.5 Examples of computations of limits and col-
imits
4.5.1 Elementary examples

Let us consider a few examples of computations of limits and colimits. It may
be a good exercise to redo the computations by yourself when reading through
the examples.
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Ezample 4.5.1. Let Z be the category obtained by considering the ordered set
N as a category. That is, objects are integers 0,1,2,..., and Homz(k,n) is a
singleton, if k£ < n or empty if £ > n. Consider the diagram D:Z — R — Vect
sending n to R™, and, for all ¥ < n, sending the map k — n to the map

ipn: RE - R
(1,...,2k) = (z1,...,2k,0,...,0)

We aim to compute the colimit of D. We will show that it is given by the vector
space R>°, defined, as a set, via

R*® ={(zp)nen | VR EN, z, e R,AN €N, Vk > N, x;, =0}

Addition and scalar multiplication are then defined termwise. The cocone col-
imit will be given by the maps

tn: R" — R*®

(1, y2n) = (1,...,20,0,...)

Note that by definition, ¢t = ¢y, © ig, for all & < n, hence it is a cocone on
D. Let us prove that it is indeed a colimit cocone. Let V be a vector space,
and a,,: R™ — V be a family of maps forming a cocone. We must have, for all
k<neN, ap = ay 0ig,. Now, we define h: R® — V as follows. Given an
element of R, x = (z,,)nen, there must be some N € N such that z, = 0 for

all n > N. But then, © = ty(x1,...,2n), by definition of ¢jy. We can define
h(z) = an(x1,...,ZN).

Now, assume that there exists K < N such that we also have x = tx (21, ..., 2k).
Then, z = 'y o ig n(T1,...,2K) = tn(T1,...,2K,0,...,0). In particular, we
must have z,, = 0 for all n > K. Thus, we have h(z) = ay(z1,...,zN) =
an(ign(z1,...,2Kx)) = ax(x1,...,2x). Hence, the definition of h did not

depend on a choice for N, and is thus unambiguous. It is also clear by construc-
tion that «,, = ho,, for all n € N, thus h factors the cocone «. Furthermore,
the hypothesis that a,, = h oy, for all n € N fully determines i on each of the
elements of R*°, thus it must be unique. This proves that R* is the colimit of
D. We may want to write

R* = JR"

neN

and think of this particular colimit as an increasing union (by identifying R*
with the subset z'km(]Rk) C R™ whenever k£ < n, or more generally, identifying
R* with 1 (RF) C R®). We may also write

lm(R® < R < R? « ...) ~ R™.
—

Ezxample 4.5.2. Let Z be the opposite of the category used in the previous
example. That is, objects of Z are still the integers 0,1,2, ..., but, given k,n €
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N, Homz(k,n) is empty if k& < n and a singleton if £ > n. Consider the diagram
D:7Z — R — Vect sending n to R™, and for k > n, sending k£ — n to the map

Prn: RE - R

(1, .., zk) = (1, .., Ty)

We aim to compute the limit of D. We will show that it is given by the vector
space R*>° defined as

R** = {(xy)nen | Vn € N, z,, € R}

where addition and multiplication with a scalar are defined termwise. the limit
cone is given by the maps

Ty R*° = R"
(Tk)ken = (T1,...,T0)

By construction, we have m, = py, o T, whenever £ > n, hence it is indeed a
cone. Let V' be a vector space, and «,,: V — R” be a family of maps forming a
cone on D. We must have a,, = py n 0oy, for all £ > n. We define h: V — R**>®
as follows. Let v € V be a vector, we want to define h(v) = (yn)nen. We
will do so term by term. Let k € N, then ay(v) = (21,...,7;) € RE. We set
yr = o). Doing so for each k € N defines h(v). Now, observe that since the ay,,
for n € N, form a cone, whenever n > k, we must have p,, 1 o o, = ay,, hence we
have ay, (v) = (Y1, ---,yn) = T (h(v)), and the cone (V, (an)nen) indeed factors
through h. But h must be unique since the equality 7, o h = a,, determines the
first n terms of h(v) for all v € V. Since this holds for all n € N, h is unique,
and we have shown that R** is the limit of D. We may summarize this as
follows :
R o~ lim(- - - — R 5 R! - RY)

Exercise 61. Let T be the discrete category with set of objects N. Consider the
functor D: Z — R — Vect sending every object to R. Show that

e lim D ~ R*, from Example 4.5.1.
—
e R**° ~ lim D, from Example 4.5.2
—

For vector spaces, it is common to write the coproduct

R"Oz@R

neN

RXOOZHR

neN

and the product

e Exhibit a map R* — R**° in three ways
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— by hand,
— using the universal property of the limit,

— using the universal property of the colimit.

Show that those three maps coincide.

Show that it is not an isomorphism.

e Compare with Exercise 55, what changed 7

(Harder) Counsider the subcategory Z,, C Z, containing only the integers
<mn, and let D,,: Z,, — R — Vect be the restriction of D.

— Show that lim D,, ~ R™ ~ lim D,,.
— “—

— Express the diagrams appearing in Examples 4.5.1 and 4.5.2 in terms
of the lim D,, and lim D,, respectively.
— —

— Try to interpret the first two questions with the above decomposition.

Example 4.5.3. Let f: V — W be a linear map. i.e. a morphism in the category
of vector spaces R — Vect. We may always consider the morphism 0: V' —
W, sending every element of V' to the zero vector in W. Both Eq(f,0), and
coEq(f,0) are known objects. They are in fact the kernel and cokernel of f. We
will prove both claims. First, observe that ker(f) is defined as a subobject of V'

ker(f) = {v € V| f(v) = 0w}

where Oy is the neutral element of W. Hence, it comes with a map (the inclusion
map) i: ker(f) — V. Let us show that this map is the equalizer of f and 0.
Let ¢: V' — V be a map in R — Vect such that fo¢ =00 ¢ =0, then, for all
v € V', we have f(p(v)) = 0, hence, ¢(v) € ker(f). This means that ¢ must
factor through ker(f). Since ker(f) — V is an inclusion, this factorization is
necessarily unique, which proves that ker(f) ~ Eq(f,0).

For the cokernel, recall that the cokernel is defined as the quotient

coker(f) = W/Im(f)

where Im(f) C W is the image of f. By construction, it comes with a projection
map p: W — coker(f). Let us show that it is a coequalizer. First, clearly
pof =0=po0. Now, let v): W — W’ be a map such that ¢ o f = 0. We
need to define h: coker(f) — W’ factoring ¢. Any element in coker(f) is an
equivalence class [w], for w a vector in W. Furthermore, if w and w’ are two
elements of W such that [w] = [w'], it means that v’ — w is in the image of f.
In particular, there must be some v € V such that f(v) = w’ — w. Hence, we
must have ¢(w') — ¥ (w) = ¢(f(v)) = 0, this means that ¥(w') = ¢ (w), and we
can unambiguously define h([w]) = ¥ (w). This defines a map h: coker(f) —
W', which factors 1. Since this factorization is unique, we have shown that
coker(f) ~ coEq(f,0).
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Ezxample 4.5.4. Consider the category Pre-Ord of pre-ordered sets. Objects of
Pre-Ord are pre-ordered sets, that is, they are sets, X, together with a reflexive
and transitive relation, that we will usually denote <. Given two pre-ordered
sets, (X, <x) and (Y, <y) morphisms between them are order-preserving mor-
phisms. i.e. they are set-morphisms f: X — Y such that for any x1,z5 € X we

have
1 <x 22 = f(x1) <y f(x2)

Compositions and identities are the same as for Set. Now, consider the following
four pre-ordered sets

o (A, <4), where A ={a,b,c}, and <4 is reduced to the identity.

e (B,<p), where B = {a, b, c}, and a <p b, with no relations between ¢ and
either a or b,

o (C,<¢), where C' = {a,b,c}, and b <¢ ¢, with no relations between a and
either b or c,

e (D, <p), where D = {a,b,c}, and a <p b, b <p cand a <p c.
Consider the following diagram

(4,<a) I (B, <p)

al I

(C,<0) —— (D,<p)
where each map is given by the identity of the underlying set {a, b, ¢} — {a,b, c}.
(Note that those are not identity maps in Pre-Ord, since the domains and
codomains are not equal). The square is both a pullback square and a pushout
square. To see this, consider a cone and a cocone, as in the following picture

Let us consider the cone first. We must have g o ag = f3 o ac. This means
that, at the level of sets, the two maps ap: F — {a,b,c} and a¢: E — {a,b, c}
must be equal. Thus, we can define h: E — A = {a,b,c} via, h = ap = a¢, it
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indeed factors the cone, and is necessarily unique. We just need to check that h
is indeed a map in Pre-Ord. Let x1, x5 € E be two elements such that x1 <g 5.
We must have ap(x1) <p ap(x2), which means that either ap(z1) = ap(xs) or
ap(x1) = a and apg(z2) = b (this is the only non-trivial relation in (B, <g)). On
the other hand, we must have ac(21) <¢ ac(z2) hence either ac(z1) = ac(z2)
or ac(z1) = band ac(z2) = ¢. Since ap = ac, the only way for both conditions
to be satisfied simultaneously is that ap(z1) = ap(zs), hence h(z1) = h(xs),
and h is indeed a map in Pre-Ord, which proves the pullback square claim.

For the cocone, similarly, we can define k = g = B¢ at the level of sets.
Let us now prove that k is a map in Pre-Ord. There is a condition to check for
every pair of comparable elements in D.

e for a <p b, since Bp is a map in Pre-Ord and since a <p b, we must have

k(a) = Bp(a) <r Br(b) = k(b).
e for b <p ¢, similarly, we have k(b) = Bc(b) <r Bc(c) = k(c).

e for a <p ¢, since by assumption <g is a transitive relation, we have
k(a) <p k(b) <p k(c) and hence k(a) <p k(c). In fact, this check was
automatic from transitivity.

Finally, we have proven that the square is also a pushout square.

As a final remark, observe that this square is entirely trivial at the level of
sets, yet there are meaningful things happening with the structure that those
sets carry. We will study this phenomenon in detail in the next section.

4.5.2 Preorders, posets and a non-trivial computation

Before stating the goal of this section, let us start with some definitions. Recall
from Example 4.5.4 the definition of the category Pre-Ord. Objects are pre-
ordered sets, that is, sets equipped with a transitive and reflexive relation, and
morphisms are order-preserving maps. We will be interested in the full subcat-
egory Poset C Pre-Ord of partially ordered sets, often called posets. Those are
the objects (P, <p) such that, for all p,q € P, we have

p<pgandg<pp=p=gq

By abuse of language, we will call the above condition anti-symmetry.
The goal of this section is to prove the following claim

Proposition 4.5.5. The category Poset is bicomplete.

and to provide a way of computing limits and colimits in Poset. The process
should also serve as an illustration on how to approach this kind of question in
any concrete category.

We will start with the easier half of the claim, specifically, that Poset is
complete. We will do so using Proposition 4.3.15 by considering a forgetful
functor Poset — Set, showing that it is a right adjoint, and thus must preserve
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limits. And use this observation to "guess” what limits should be in Poset.
Start by considering the functor Forget: Poset — Set sending a poset (P, <p)
to its underlying set P, and a map f: (P,<p) — (Q,<g) to the underlying
map f: P — @. This functor admits a left adjoint Disc: Set — Poset sending
the set X, to the discrete poset Disc(X) with underlying set X, and no relations
between elements of X.

Lemma 4.5.6. The pair Disc - Forget is an adjoint pair.

Proof. Consider the tautological map

Homge, (X, Forget(P, <p)) — Hompoge (Disc(X), (P, <p))
(f: X = P)— (f: Disc(X) — (P,<p))

To see that it is well defined, observe that maps in Poset from Disc(X) to
(P, <p) are set maps from X to P, with no extra conditions since there are no
non-trivial relations in Disc(X). This also shows that it is a bijection, since by
definition Hompoget (Disc(X), (P, <p)) C Homge, (X, P) is defined as a subset,
but the absence of extra conditions means that it is the entire set. Finally,
naturality of this bijection follows from the fact that composition in Poset is
defined by restriction of that of Set. O

Now, Lemma 4.5.6 together with Proposition 4.3.15 tell us that the functor
Forget: Poset — Set must preserve limits. This is not enough to know that
limits exist. But we know that if they do, their underlying sets must correspond
to limits computed in Set.

Let us make the above observations explicit. Let D: Z — Poset be a dia-
gram. Assuming that hmD exists, we must have Forget(hm D) ~ liin(Forget o

D). Since all limits ex1st in Set (Corollary 4.3.11), to show that lim D exists,
pu
it is enough to find the correct order relation, < such that (lim(Forget o D), <)
p
is a limit for D. Let us fix some notation. Let X ~ lim(Forget o D), and
i

: X — Forget(D(i)), i € obj(Z) be a limit cone for Forget o D. We will write
gD(z) for the order relation in the poset D(z), for ¢ € Z. For x,2’ € X, define
the order relation < via

<1’ e ai(x) <pu) ai(z'),V i€ obj(T) (4.13)

We must check that < is transitive reflexive and anti-symmetric, but the first two
property will be inherited from each of the <p;). For anti-symmetry, assume
that « and 2’ are such that < 2’ and 2’ < z. Then for each i € obj(Z), we
have o;(x) <py ai(2’) and a;(2') <pg) ai(z). Anti-symmetry of <p(;) then
implies that a;(z) = o;(2’). But this implies that x = z’. Indeed, consider the
singleton Y = {x} and the maps §;: Y — Forget(D(i)) mapping * to «;(z) for
all i € obj(Z). This must form a cone, since the maps f; can be obtained by
restricting the «; to the subset {x} C X, and the commutativity properties of
the «; are preserved under restriction. Since X is assumed to be the limit, this
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cone must factor uniquely through some map ¥ — X. If z and 2’ were distinct
elements, we would get two distinct factorization, one mapping * to x, the other
mapping * to x’, hence, x = x’, and we have proven anti-symmetry.

Now, let us prove that (X, <) is indeed the limit. First, we need to check
that ((X, <), (a4)ieobj(z)) is still a cone. The maps a;: (X, <) — D(i) are order
preserving maps, by definition, since < was constructed such that z < 2/ =
a;(z) <p() ai(z’). Furthermore, for any map in Z, ¢: i — j, we still have the
equality D(p) o a; = a; since it just needs to be checked at the level of sets.
To see that it is a limit cone, let (P,<p) be a poset, and S;: (P,<p) — D(i),
for ¢ € Z be a collection of maps forming a cone. Since X is the limit in Set,
we must have a unique map h: P — X factoring the 3; in Set. The only thing
to check is that h: (P,<p) — (X, <) is a map in Poset. Let p,q € P be such
that p <p ¢. Then, by assumption 3;(p) <p;) Bi(q) for all i € obj(Z). Since
Bi = ajoh for all i € obj(Z), we must have a;(h(p)) <pg) @i(h(qg)), for all
i € obj(Z). By definition of <, this means that h(p) < h(q), and we have proven
that h: (P,<p) — (X, <) is a map in Poset. Which finally proves that (X, <)
is the limit of D in Poset.

We have proved the first half of Proposition 4.5.5. Now, to see why the
second half will be more difficult, consider the following example.

Ezxample 4.5.7. Consider the following three posets
e (P,<p), with P = {a, b} and no relations
o (Q,<qg), with @ = {a, b} and the relation a <g b,
e (R,<g), with R = {a,b} and the relation b <g a.

We want to compute the following pushout

({a,b},<p) —1— ({a,b},<q)

)| Jo

({a, 0}, <p) —o7— 7

where f and g are simply the identity at the level of sets. Based on what we
did so far, we may expect the pushout to be the set {a,b} together with some
relation <. However, observe that the condition that ag and ar are maps
in Poset give contradictory constraints. Indeed, since a <qg b, we must have
ag(a) < ag(b). On the other hand, we must have ag(b) < ag(a). But since
the square needs to be commutative in the end, we end up with the incompatible
assumption: ¢ < b and b < a. This is only possible if ¢ = b, and indeed the
correct pushout square is the following

({a,b}, <p) —= ({a.b},<0)

| Joa

({a,0}, <p) —o7— {*}
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where {+} stands for the unique poset (up to unique isomorphism) with only one
element. To see this, consider an arbitrary cocone, Sg: (Q,<g) — (S, <s) and
Br: (R,<gr) — (S,<g). Since it is a cocone, we must have 8g(a) = Br(a) =z
and Sg(b) = Br(b) = y. Furthermore, as we have just seen, the condition on
maps in Poset will force the relations x <g y and y <g x. Hence, since <g has
to be anti-symmetric, we will have x = y. But then, the cocone factors uniquely
through the map {*} — S sending * to x.

The above example shows that we will have to be more subtle to prove that
Poset is cocomplete. To prove it, we need to temporarily return to the category
of pre-orders Pre-Ord. In fact, we will show the following.

Proposition 4.5.8. The category Pre-Ord is bicomplete.

To prove it, consider the functor Forget’: Pre-Ord — Set, sending a pre-
oreder (A,<4) to A and amap f: (4,<4) — (B,<p) to f: A — B. It admits
a left adjoint Disc’: Set — Pre-Ord, similar to the functor Disc that we have
seen before. All proofs, up to completeness, are essentially the same as the one
we just did for Poset, so we will not repeat them.

On the other hand Forget’ also admits a right adjoint, Total: Set — Pre-Ord.
It sends a set X to the pre-order with underlying set X, and with the relation
T <mota1 @’ for all z, 2" € X.

Lemma 4.5.9. The pair Forget’ 4 Total is an adjoint pair.

Proof. Consider the tautological map

Hompye.0rd((4, <a), Total(X)) — Homge (Forget'(A, <4), X)
(f: (A, <4) = Total(X)) — (f: A = X)

The set Hompye-0rd (A4, <4), Total(X)) is defined as the subset of Homge (4, X)
containing the order-preserving map and the above map is the inclusion. Since
the order relation on Total(X) is such that all pairs are comparable in both direc-
tion, any map is an order-preserving map. Hence, the above map is a bijection.

Naturality follows from the fact that composition in Pre-Ord is inherited from
Set. O

Now, Lemma 4.5.9, together with Proposition 4.4.17 implies that the functor
Forget': Pre-Ord — Set preserves colimits (in addition to preserving limits).
Now, let D: Z — Pre-Ord be a diagram. Let X ~ lim(Forget’ o D) be the

—

colimit in Set, with the cocone given by maps «;: Forget'(D(i)) — X, for
i € obj(Z). We will write <; for the pre-order relation in the pre-order D(i).
Let < be the transitive relation on X generated by

¢ <;d= a;(c) < a;(d). (4.14)

That is, x < y in X if and only if, there exists a sequence of elements of X,
(1,...,25) such that, © = x1, y = z,, and for each 1 < k < n — 1, there
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exists some i € obj(Z) and some ¢,d € D(i) such that ¢ <; d and o;(c) = z,
a;(d) = zgy1. This relation will be reflexive, since any z € X must be in the
image of some «;, for some i € obj(Z).

Let us show that (X, <) is a colimit cocone for D. First, observe that for
all i € obj(Z), the maps «;: D; — (X, <) are maps in Pre-Ord, since they are
order-preserving by construction, hence we indeed have a cocone. Let (A, <4)
be a pre-order, and for i € obj(Z), 8;: D(i) — (A, <4) be maps forming a
cocone. Then, since X is the colimit in set, there exists a unique factorization
h: X — A such that for all i € obj(Z), #; = hoa;. Now, the only thing to show
is that h: (X, <) — (A4, <4) is a map in Pre-Ord. Let x,y € X be two elements
such that © < y. Then there must be some sequence in X, (z1,...,x,) such
that x1 =z, x, =y, and for any 1 < k < n — 1, there exists some i; and some
elements ¢, d, € D(ix) such that ¢ <; dg, a;, (ck) = 2% and oy, (di) = Tpy1.
But now, for 1 <k <n — 1, since f;, is an order-preserving map, we have

h(zk) = h(ou, (ck))
= Bi. (cx)
<a Bi, (dx)
= h(a, (dk))
= h(zp41)
transitivity of <4 then implies that h(z) <4 h(y), which proves that h is order
preserving. Hence, that (X, <) is the colimit of D in Pre-Ord.
We now go back to the category of posets, Poset. Let Incl: Poset < Pre-Ord
be the inclusion of the subcategory. We now define a functor Quotient: Pre-Ord —

Poset as follows. Given a pre-order (A, <4), let ~4 be the equivalence relation
defined by, for a,b € A,

a<asband b<ga< a~yb.

Observe that that the transitivity of <4 guarantees that ~ 4 is also transitive.
Now, consider on A/~ 4 the order relation, <4 defined by

[a] =<a [b]@aSAb

Note that transitivity of <4 makes the relation <4 well defined. Indeed, if a, a’
and b, b’ are such that a <4 b, [a] = [@], and [b] = [V/], thena’ <q4a <4 b <y ¥V,
hence a’ <4 b, and there is no ambiguity in the above definition.

Now, if f: (A,<4) — (B, <p) is a map in Pre-Ord, observe that the follow-
ing map is well-defined and order-preserving, by construction.

[f]: (A/~a,=4) = (B/~B,=B)
[a] — [f(a)]
Finally, observe that (A/~4,=4) is a poset. It is a pre-order, by construction,

and let [a], [b] € A/~ 4 be two elements such that [a] < [0] and [b] < [a]. Then,
by construction, a <4 b and b <4 a, hence [a] = [b].
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We have just defined a functor Quotient: Pre-Ord — Poset sending a pre-
order (A4,<4) to the poset (A/~4,=<4), and sending a map f: (A4,<4) —
(B, <p) to the map [f].

Lemma 4.5.10. Let (P,<p) be a poset. Then
Quotient(Incl(P, <p)) ~ (P, <p).

More specifically, the composition Quotient o Incl: Poset — Poset is isomorphic
to the identity of Poset.

Proof. Consider the equivalence relation ~p. Its equivalence classes are single-
tons, thus P/~p is in canonical bijection with P. O

Lemma 4.5.11. The pair Quotient - Incl is an adjoint pair.

Proof. Consider the following map

0: Hompye-ord((4, <a),Incl(P, <p)) — Hompgset (Quotient(A, <4), (P, <p))
(f: A= P)— ([f]: A/~a — P/~p~DP)

Let us prove that it is a bijection. Let g: Quotient(A,<4) — (P,<p) be an
order-preserving map. Define f: A — P via f(a) = g([a]) for all a € A. This
is an order-preserving map, since, if a <4 b, then [a] <4 [b] which implies
that f(a) = g([a]) <p g([b]) = f(b). And, by construction, 8(f) = g, hence
0 is surjective. To see that it is injective, let f, f: (4,<a) — (P, <p) be two
maps in Pre-Ord such that 6(f) = 6(f’). This means that, for any a € A,
fla) =0(f)([a]) = 0(f")([a]) = f'(a), hence that f = f’. We have shown that ¢
is a bijection.
Ezercise 62. Show that the map 6 is natural in (A4, <4) and (P, <p).

O

Now, we will conclude by applying Proposition 4.4.17 to the left adjoint
Quotient: Pre-Ord — Poset. Consider a diagram D:Z — Poset. Then, the
composition IncloD: Z — Pre-Ord is a diagram in Pre-Ord, and since Pre-Ord is
cocomplete, it must admit a colimit, (X, <) in Pre-Ord, together with its cocone
a;: Incl(D(i)) — (X, <). Now, since Quotient preserves colimits, Quotient (X, <
) is a colimit of (QuotientoIncl)oD. But, since QuotientoIncl is isomorphic to the
identity of Poset by Lemma 4.5.10, Quotient(X, <) must in fact be the colimit
of D. The cocone colimit is then given by the [a;]: D(i) — Quotient(X, <). We
can summarize this computation by the formula

lim D ~ Quotient(lim(Incl o D))
— —

Finally, we have proven that the colimit lim D exists, hence that Poset is co-

Y
complete, which completes the proof of Proposition 4.5.5.
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The complete line of reasoning is summarized in the following diagram, fea-
turing every functor that appeared throughout.

Forget

Total

Forget’
Poset — 2+ Pre-Ord £
et A

Quotient \_/
Disc’

Disc

Set

We have the adjunctions Quotient - Incl, Disc’ - Forget’, Forget’ - Total, and
Disc 4 Forget, that were all used at some point together with the Propositions
4.3.15 and 4.4.17 which state that right adjoints preserve limits and left adjoint
preserve colimits. Furthemore, we used the isomorphism Quotient o Incl =~
Idpeset- Note the extra (unused) isomorphism, Forget’ o Incl ~ Forget and
Quotient o Disc’ ~ Disc.

Now, the reasoning went as follows. Since Forget: Poset — Set is a right
adjoint, it preserves limits, hence computing limits in Poset amounts to com-
puting it in Set first, then finding the correct order relation. For which we have
formula (4.13).

For colimits, the situation is slightly more complicated. Given a diagram in
Poset, we can use the inclusion functor, Incl: Poset — Pre-Ord to interpret it as
a diagram in Pre-Ord. Then, since Forget': Pre-Ord — Set is a left adjoint, it
preserve colimits. Hence, computing colimits in Pre-Ord amounts to computing
it in Set first, then finding the correct relation, given by formula (4.14). Once the
colimit is computed in Pre-Ord, apply the functor Quotient: Pre-Ord — Poset
to recover the desired colimit in Poset. Observe that this is exactly the reasoning
that we (implicitly) applied in Example 4.5.7.
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Chapter 5

Categories of presheaves

In this chapter, we introduce categories of presheaves (sometimes abusively
called presheaf categories). They are a very general class of categories which ad-
mits very good properties. They are ubiquitous in category theory : in logic, we
have the the theory of toposes studying systematically categories of presheaves
(and subcategories of those), in topology and geometry, the category of simpli-
cial sets and variants of it, have been proven to be a good combinatorial substi-
tute for categories of spaces, and even category theory itself can be ”embedded”
into the theory of categories of presheaves. Furthermore, a lot of already inter-
esting categories happen to be categories of presheaves (the category of directed
graphs for example, see Example 5.1.5). We will start with the definition and a
few simple examples, before explaining why categories of presheaves are special.

5.1 The basics of presheaves

5.1.1 Definition

Definition 5.1.1. Let A be a small category. The category of presheaves on A,
denoted A is simply the category

A= Fun(A°P, Set)

Its objects are functors X : A°P — Set, they will be called presheaves (singular:
presheaf). Morphisms, f: X — Y correspond to natural transformations. i.e.
they consist of the data of maps f,: X(a) — Y (a), for all a € obj(A), such that
for any map ¢: a — b in A, the following square commutes.

X(a) —L5 v(a)

TX(@ Y(wﬁ

X(b) —— Y(b)

85
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Identities and compositions are defined object-wise. i.e (Idx ), = Idx(q): X(a) —
X(a), for all a € obj(A), and similarly for the composition.

Remark 5.1.2. Once again, we have redefined the category of functors. Observe
that, by definition, we have the equality

A = Fun(A4°, Set) = Set*”"

Just as in Remark 4.1.3, this is a matter of point of view. We don’t want
to think of an object of the category A as a functor, even though it is one.
Similarly, we don’t want to think of an object X of A as a diagram, because
calling it a diagram suggest we may be interested in its limit and colimit, but
in most cases liinX and ligl X, while perfectly valid mathematical objects, will

be meaningless. Instead, we will mainly think of an object X of A as collection
of sets, the X (a), indexed by objects a of A, with some structure maps, the
maps X (¢): X(b) = X(a), for all maps ¢: a — b. Of course, this is just a
rephrasing of the definition of a functor.

5.1.2 Examples

Let us start with two tautological examples.

Ezample 5.1.3. Let A be the empty category. Then A contains a single object,
the empty functor A — Set. Hence, A is the category with a single object and
only the identity map.

Ezxample 5.1.4. Now, let A be the category with one object, and only the identity
morphisms. Then, the data of a functor A°? — Set is exactly the data of a set.
Furthermore, natural transformations between such functors are exactly maps
of sets. Hence, A ~ Set.

Now let us consider a large family of examples coming from graph theory.

Example 5.1.5. Let A be the category with two objects e and v, and two non-
identity morphisms, s: v — e and t: v — e. Let us prove that A is equivalent
to the category of directed graphs, Graph.

Recall that a directed graph, G, is the data of a quadruple (E(G), V(G), sg,ta),
where E(G) is a set of edges,V(G) is a set of vertices, and the two maps
sa,ta: E(G) — V(G) correspond to source and targets of edges. Maps of di-
rected graphs, f: G — H are pairs of maps fg: F(G) — FE(H), and fy: V(G) —
V(H), such that fy osg = spo fg and fy otg =ty o fg. Now, we can define
the functors

E—)Graph
X = (X(e),X(v),X(s): X(e) =» X(v),X(t): X(e) = X(v)
X =Y (fe, fo)

Observe that the condition that f: X — Y is a natural transformation is equiv-
alent to the condition that (f., f,) is a map of graphs. In the other direction,
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we have
Graph — A
A°P  — Set
v = V(G)
G~ e +— E(G)
S — Sa
t —ta

It sends a map of graphs (fg, fy): G — H to the natural transformation g with
values g. = fg, g» = fv. It is clear, by construction, that this is an equivalence
of categories. In fact, we already think of graphs as presheaves (even though we
may not be aware of it).

Ezample 5.1.6. We can refine the previous example to define graphs with ex-
tra structure. For example, consider the category of directed graphs with
edges equipped with a label from some set Y. Those can be seen as tuples
(B(G),V(G),sa,tc,lg: E(G) = X). Maps between such labelled graphs will
then be those maps that preserve the labelling, i.e. maps of graphs f: G — H
such that, lgo fg = lg. Let lab-Graph stand for the category of labelled graphs.

We may show that this is also equivalent to a category of presheaves. Con-
sider the small category A, with an object for each element o € 3, plus an extra
object v. Non-identity maps are s,: v — ¢ and t,: v — o, for all o € 3. Now,
we define a functor

A — lab-Graph
X = (H X(U)vX(U)v H X(SU)7 H X(td)alX)

ocex oceX cEY

fF XY (] £ 1)

oEX

Where [y is defined as, given an edge a € X(7) C [[ 5 X(0), Ix(a) = 7.
Its inverse is defined as follows

lab-Graph — A

o —(lg) (o) C E(G)
v = V(Q)

so = (56)|1g)~1 (o)

o (ta)ie)-1 (o)

f: (leG) - (Hv ZH) — ((fa)aGEafv)

(Ga ZG) =

4~

Where f, is the restriction (fE)Igg)):ll((Z))

Ezercise 63. e Check that the two functors above are well-defined, and that
they form an equivalence of categories.
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e Counsider the graph L with a single vertex, and the set of edges E(L) = 3.
Consider the overcategory Graph/L, whose objects are pairs (G, f), where
G is a graph, and f: G — L is a map of graphs, and whose morphisms
v: (G, f) = (H,g) are graph morphisms ¢: G — H such that the follow-
ing diagram commutes.

G—* L H
SN
L

Show that there exists an equivalence of categories lab-Graph ~ Graph/L.

Ezample 5.1.7. Let n > 2 and consider the category of n-colored graphs, n-
Col-Graph. Its objects are tuples (E(G),V(G), sg,ta,cq: V(G) = {1,...,n}),
that is, they are graph together with a map from the set of vertices to a
set of n colors. Morphisms f: (G,cg) — (H,cy) are morphisms of graphs
(fe,fv): G — H, such that ¢y o fy = cg, i.e. such that f preserves the
coloring of vertices. Compositions and identities are defined as those of Graph.

We want to show that n-Col-Graph is equivalent to a category of presheaves.
This will be another variation on the category from Example 5.1.5. Let us define
the small category A. We need one object for each possible kind of vertices, i.e.
V1, V2, . ..,U,. Furthermore, we will need more than one kind of edges. Indeed,
if we try to have a single kind of edge, e, then we will have maps s1: v; — e,
S9: Uy —> €,...,8,: Uy — €. When passing to presheaves, this would give maps
X(e) - X(v1), and X(e) — X(vg) up to X(e) — X(v,). This would mean
that any given edge must have one source for each color of vertices. Clearly, this
is not the notion we are trying to capture. On the other hand, we can imagine
that each edge is partially colored by the vertices on its ends. Thus, we have
n? many kinds of edges, depending on the color near the source, and near the
target. Distinguishing between each kind of edges now gives a suitable category.

A will have for objects v;, for 1 <4 <n, and e; ; for 1 <4,j <n. And non-
identity morphisms s; j: v; — €; j, and t; ;: v; — e; ; for all (4, ) € {1,...,n}>%.
To make this clearer, consider the graph of the category A when n = 2.

€1,1 t11 €1,2 S22 €22

\ %2 t:,x /

81,1 vy vy tao
€21

FEzercise 64. e Prove that there exists an equivalence n-Col-Graph ~ A.

e We say that a coloring ¢ of a graph G is proper, if the map ¢ is such that,
whenever v,v" € V(G) are two vertices connected by an edge, cg(v) #
ce(v'). Express the property that a graph is properly colored through its
description as a presheaf.
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e Consider the graph C' with set of vertices V(C) = {1,...,n}, and set of
edges E(C) = {1,...,n}?, where s¢(i,j) =4 and tc(i,j) = j. Show that
there exists an equivalence n-Col-Graph ~ Graph/C, where Graph/C is
an overcategory, defined as in Exercise 63.

e Show that the sub-category of properly colored graphs is also equivalent
to a category of presheaves, and that it is equivalent to an overcategory
Graph/C’, where C’ C C' is a well-chosen subgraph.

5.2 Representable presheaves

5.2.1 The Yoneda embedding

Definition 5.2.1. Let A be a small category, and a an object of A. Write h,
for the contravariant functor from Example 2.1.9,

he: A°P — Set
b— Hom (b, a)
(p: b= ¢) = Homa(p,a): Homu(c,a) = Hom4 (b, a)

It is an object ofg and will be called the presheaf represented by a. We may
also say that it is a representable presheaf if we do not want to refer to the
object a itself.

Definition 5.2.2. Given a small category A, the Yoneda embedding is the
functor y: A — A defined by

A= A
ar— hg
pra—=b—=hy: hy = hy

Where h, is the natural transformation defined in Exercise 21.

The name Yoneda ”embedding” in the following section.

Ezercise 65. Let A be the category with two objects, e and v and two non-
identity morphisms, s,t: v — e. We have seen in exercise 5.1.5 that A is the
category of graphs. What are the representable graphs h. and h,? Make explicit
the functor y: A — Graph.

5.2.2 The Yoneda lemma

The goal of this subsection is to state and prove the Yoneda lemma. It is prob-
ably the most well-known result in category theory, and its proof has confused
generations of students. It contains no tricks, and is in fact a linear application
of the definitions we have seen so far. We will go through it in details, in the
hope of alleviating some of the usual confusions around it.
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Theorem 5.2.3 (Yoneda Lemma). Let A be a small category, X be an object
of A and a an object of A. There exists a bijection

Hom z(hq, X) ~ X (a)
which is natural in a and X. More precisely, the two functors

Ax A - Set
(a, X) — X(a)
(a, X) = Hom 3(hg, X)

are related by a natural isomorphism.

Proof. We start by defining the isomorphism explicitely, for a in A and X in A.

$a,x : Hom z(ha, X) — X (a)
(f: he = X) — fo(1d,)

To see why the above definition makes sense, note that a map in A\, f:ihe = X,
is in fact the data of a family of maps fi: ha(b) — X (b) for all objects b of A.
In particular, we can consider f,: hy(a) — X(a). Now, hy(a) = Homy(a,a) by
definition, thus we can pick the element Id, € h,(a), and its image under f,
will be some element of X (a), meaning that the definition of ¢, x makes sense.
Now we need to prove the following things:

e That ¢, x is a bijection for all a in A and X in A.
e That ¢, x is natural in X.
e That ¢, x is natural in a.

For the first part, we will explictely define an inverse. For x € X(a), we
want to define a map 1, x(z): hy — X. This amounts to defining maps
(Ya,x(x))p: ha(b) — X (b) for each objects b of A. Recall that elements of
ha(b) are maps ¢: b — a in A. Since X is a presheaf on A, we can consider the
map X (¢): X(a) = X (b). This map sends z to an element of X (b). This leads
to the definition of ¢, x (z): hy — X, defined for b € A as follows.

(a,x(x))p: ha(b) = X (b)
(p:0—a) = X(p)(z)

We still need to check that ¢, x (z): hy — X is indeed a natural transformation.
To do so let v: ¢ — b be a map in A, and consider the square

ha(b) (d)a,X(z))b X(b)

hay l lxm

ha(e) =~ X
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We need to prove that it is commutative. Let ¢: b — a be an element in A, (b).
The top map sends it to X (p)(z), and composing with the right map gives
X (X (¢)(z)) = X(pov)(x) (careful with the (—)°P). On the other hand,
applying the left map to ¢ gives the precomposition with v, ¢ o~y. The bottom
map then sends this to X (po~v)(z), and we have proven commutativity. Hence,
Yq,x (x) is indeed a map in A from hy, to X, and we can define the inverse to
¢a,X7

Ya,x: X(a) = Hom 3(hq, X)
T = Py x ()

To see that it is an inverse, we just compute, for x € X (a),

¢a,X(¢a,X(x)) = (wa,X(x))a(Ida)
= X(Ido)(z)
= IdX(a)(x)

=T
And on the other hand, for f: h, — X in 27 we need to compare f and
wa,X((ba,X(f)) = ¢a,X (fa (Ida))'

Since they are natural transformation, we need to show that for any b in A, we
have the equality

fo= (wa,X(fa(Ida)))b' (51)
Now, by definition, the latter sends an element of h,(b), ¢: b — a to the el-
ement of X(b), X(¢)(fo(Ids)). But now since f is by assumption a natural
transformation, we may consider the following commutative diagram.

Starting with Id, and then goind through the left map gives ¢, which then
gives fp(¢) € X(b). On the other hand, going through the top map first gives

fa(Idg), and applying X (¢) gives X (¢)(fo(Idg)). Commutativity gives f,(¢) =
X (©)(fa(1dg)), which finally gives the equality 5.1. Thus, we have proven that

¢a,x is a bijection with inverse 1, x for all object a in A and X in A.

Now, we prove that ¢, x is natural in X. Let g: X — Y be a map in /T,
and a be an object of A. Consider the square

Hom 7(ha, X) 25 X (a)

Hom 3 (hq 7g)l lga

Homg(ha, Y) W Y(G;)
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We need to prove that it is commutative. Start with f: h, — X in the top left
corner. Going through the left map gives go f: h, — Y, and ¢q v (g0 f) =
(9o f)a(Ids). On the other hand, going through the top map first gives f,(Id,),
and then applying g, gives ¢,(f.(Idy)) = (g o f)a(Id,). We have proven that
the square is commutative, and thus that ¢, x is natural in X.

Naturality of ¢, x in a remains to be proven. Let X be an object in A and
@: b— abeamap in A. Consider the square

Hom 7(ha, X) 25 X (a)

Hom;(hw,X)l lX(w)

Starting with f: h, — X and going through the top and right arrows gives
X(¢)(fa(Idg)). On the other hand, applying the left arrow first gives f o h,
which is sent to (f o hy)y(Ids). Now, to conclude, we need to prove the equality

X()(fa(lda)) = (f © h)(Ids).

Observe that the right hand side is equal to fi(he(Idy)) = fi(¢), and we have
already seen that f,(¢) = X (¢)(f.(Id,)), which proves the equality. O

5.2.3 Corollaries and remarks
Let us list a few classical corrolaries of the Yoneda lemma.

Corollary 5.2.4. Let A be a small category. The Yoneda embedding y: A — A
18 fully-faithful. i.e. it is an embedding.

Proof. Let a and b be two objects of A, and consider the map induced by the
Yoneda embedding

Ya,b: Homy(a,b) — Hom z(hq, hy)
pr>hyihg — hy
Using Theorem 5.2.3, we also get a bijection
ba,hy, : Hom 3(hq, hy) — hy(a) = Homa(a, b)
fihe = hy— fo(Idy)

Now, given a map ¢: a — b in A, we may compute the composition

¢a,hb © ya,b(@) = ¢a7hb (hS")
= (hso)a(Ida)
=
hence ¢q n, © Yop = Id. Since we already now that ¢, p, is a bijection, this
means that ¥, is a bijection, hence that y is fully-faithful. O
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Corollary 5.2.5. Let A be a small category and a and b be two objects of A.
Assume that there exists a natural transformation

Homa(—, a) ~ Homu(—, b)

i.e. and isomorphism in A ha =~ hy. Then, there exists an isomorphism in A
between a and b. The same is true if Homa(a, —) and Hom4 (b, —) are isomor-
phic.

Proof. Let f: hq — hy be the isomorphism we assumed existed and let f=1: hy —
hq be its inverse. Since yq,,: Homa(a,b) — Hom 3(hg, hy) is a bijection, there
exists ¢: a — b such that f = h,. Similarly, there exists @~ 1: b — a such that
= hy-1. But the, we have

ylpop ™) = fo f ! =1dy, = y(Idy)

1 1

And injectivity of yp, , implies that pop™" = Id,. Similarly, we get that o~ op =
Id,, and that a ~ b. The dual claim follows by considering A°P and A°P. O

Remark 5.2.6. We have already seen a more general version of Corollary 5.2.5.
This was Lemma 3.3.2. In fact, the proof of Lemma 3.3.2 is arguably simpler,
since it does not depend on the full proof of the Yoneda lemma. However, it
is extremely common to present this claim (that representable functors detect
isomorphisms) as a corollary of Yoneda lemma. And while it is true that when
Yonneda lemma holds, this corollary holds too, we often need the corollary
for categories C that may not be small, and thus the Yoneda lemma does not
apply. This is the reason why we proved it by hand, and delayed so much
the introduction of the Yoneda lemma. If one is rigourous with the distinction
between small and non-small category, then the Yoneda lemma appears for
what it is: a fundamental statement about categories of presheaves. And this
”corollary” is rather a general statement about categories, that happen to reduce
to a particular case of the Yoneda lemma for small categories. Of course this
distinction becomes entirely pedantic if one works in a setting in which any
category can be assumed to be small. There is a pedagogical reason to present
both those claims together, and it is that if one tries to prove the corollary by
hand, (as we did in the proof of Lemma 3.3.2), the arguments used are essentially
the same as those appearing in the proof of Theorem 5.2.3.

Remark 5.2.7. To contrast with the previous remark, the Yoneda lemma is
absolutely central when working with presheaves. Indeed, from now on, when
a is an object of a small category A and X an object of A, we will constantly
go back and forth between elements of the set X (a) and maps h, — X, and
we will not be concerned with distinguishing between the two. This should not
be understood as a claim that there is a single bijection between the sets X (a)
and Hom 3(hq, X), (indeed, there are many in general), but as a convention
that unless explicitely specified otherwise, we will only consider the bijection
introduced in Theorem 5.2.3.
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We conclude with the following proposition. Its claim is entirely contained
in the statement of the Yoneda lemma, but it may be useful at first to think of
it as an independent statement, to work through the coming proofs.

Proposition 5.2.8. Let A be a small category, X,Y presheaves on A, f: X —
Y a map in A, a,b objects of A, p:b — a a map in A, and o: hy — X and
7: hy = X be two maps in A. Then the following diagram is commutative.

x— 71 Ly

\ fa(o)

Furthermore, the following diagram is commutative if and only if X (¢)(c) = 7.

PR

hb—>h

Proof. This follows from the naturality of the bijection of Theorem 5.2.3, to-
gether with the implicit identification under this bijection, adressed in Remark
5.2.7. 0

5.3 Comma categories and categories of presheaves

In this section, we discuss several construction of the same flavor that are mean-
ingful on categories of presheaves. All are examples of comma categories, so we
take some time to introduce the more general notion first.

5.3.1 Comma categories

Definition 5.3.1. Let F: C — D and G: £ — D be two functors. The comma
category of F' and G, denoted F' | G is defined as follows.

e its objects are tuples (X,Y,«), where X an Y are objects of C and &
respectively, and a: F(X) — G(Y) is a map in D.

e its morphisms are pairs (f,g): (X,Y,a) = (X', Y',o/) where f: X — X/,
and g: Y — Y’ are maps in C and & respectively. such that the following
square 1s commutative.

Fx) 29 poxny

al l‘“’

GY) 5= GIY")
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o Compositions and identities are defined from those of C and E.

Remark 5.3.2. Observe that the comma category F' | G comes equipped with
two projection functors Pe: F' | G — C and Pg: F | G — £. Sending (X,Y, )
to X and Y respectively. Furthermore, observe that the compositions F o Pe
and G o Pg are both functors F' | G — D but they are not isomorphic in
general. In fact, they are related by a (tautological) natural transformation,
~v: F o Pe — G o Pg defined as follows, for an object (X,Y,a) in F | G,

’Y(X,Y,a) = Q: F(X) — G(Y)

The entire situation is summarized in the following (non-commutative) diagram.

FlGa ¢
e A o

We see that the square of functors fails to be commutative, but instead of com-
mutation, we get the natural transformation ~ relating the two compositions.

The definition of a comma category is rarely useful in its full generality.
However, it admits several interesting specialization. Let us consider a few.

Example 5.3.3. When C = D, £ is the category discrete category with a single
object, a functor G: £ — C then amounts to the choice of some object Y in C.
The comma category Id¢ | G then gives back the overcategory, first described
in Example 4.1.10, and which reappeared in Exercise 63 and Example 5.1.7. It
is denoted C/Y, and if we want to recall its definition as a comma category, it
will typically be denoted Id¢ | Y or even just C | Y.

Example 5.3.4. This time, take D = £, and C to be the discrete category with
one object. Once again, picking a functor C — D amounts to chosing an object
X in D, thus we may identify the functor F': C — D with its image. The comma
category X | Idp is now the undercategory. (or coslice category). Its objects
are pairs (Y, f), where Y is an object in D and f: X — Y, is a map in D, and
morphisms are commutative triangles

X

7

Y —MmMM— 7

It may be denoted X | D or X\D, though the former is preferable. Note that
X | D is equivalent to (D°P | X)°P, that is overcategory and undercategory are
dual notions.

Ezample 5.3.5. We will also consider slightly more general examples, where
F: C — D is anon-identity functor, and G: & — D is a functor from the discrete
category with a single object. (i.e. correspond to some object Y in D). In that
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case, objects of the comma category F' | Y are pairs (X, f), where X is an
object of C and f: F(X) — Y is a map in D, and morphisms (X, f) — (X', f')
are maps g: X — X’ such that the triangle

F(g) F(X')

\/

Ezercise 66. Let D be a category, and X and Y be two objects of D (We will also
write X and Y for the corresponding functors from the discrete category with
one object). Let C be the full subcategory of D containing only the object X
and &£ be the full subcategory of D containing only the object Y. Let F': C — D
and G: £ — D be the inclusions of the two subcategories.

e Show that the four categories

~ XY
~FlY
- X|G
~FlG

Are all small categories with set of objects Homp(X,Y)

e Show that the categories above have distinct sets of morphisms.

5.3.2 Categories of elements

Definition 5.3.6. Let A be a small category, and X an object of A. The
category of elements of X, denoted A/X is the comma category y | X where
y: A — A is the yoneda embedding.

Remark 5.3.7. The above definition may seem opaque, but it can be made quite
explicit. By definition, an object of A/X is the data of an object a of A and
a map o: y(a) = hy — X. By Theorem 5.2.3, this is equivalent to the data
of 0 € X(a). Thus, A/X is a small category with set of objects the disjoint
union [],copica) X(a), ie. the set of elements of X. Similarly, morphisms in
A/X from (a,0) — (b,7) are maps ¢: a — b such that the following triangle
commutes

h—>hb

N A

Working through the yoneda lemma, commutativity of this diagram is equivalent
to the claim that X ()(7) = 0. In general, for ¢ € X(a) and 7 € X (b), we have

HOHIA/X(U,T) = {@3 a—b | X(‘P)(T) = U}
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One of the important reasons to care about the category of elements is that
it contains all of the information about the presheaf X in a way that can be
easily recovered.

Proposition 5.3.8. Let X be a presheaf on A. Let D: A/X — A be the
composition of the projection Pa: A/ X — A with the yoneda embedding A — A.

The collection of maps
o: hy =D(a,0) > X (5.2)

forms a colimit cocone. i.e.
limD ~ X
—

Proof. First, let us show that the collection of maps described in (5.2) indeed
forms a cocone. It is a collection of maps indexed by objects (a,0) of A/ X, from
D(a,0) — X, thus the only thing that needs to be checked is the commutativity
condition. Let ¢: (a,0) — (b,7) be a map in A/X. Then, by definition of A/X,
the following triangle commutes.

h—>hb

N A

But observe that it is also the triangle whose commutativity needs to be checked
for those maps to form a cocone. Hence, we indeed have a cocone on X.
Let us prove that it is a colimit cocone. Let Y be a presheaf on A and let

f(a,a): ha —Y

be a collection of maps in 121\, forming a cocone on D. Observe that each of the
maps f(4,») is an element of Y(a). We may define a map in A, f: X =Y,
defined for objects a of A as the map

fa: X(a) = Y(a)
o= f(a,a)
We need to prove that fvis indeed a map in ﬁ, i.e. that it is a natural transfor-

mation between the functors X and Y. To do so, let ¢: b — a be a map in A,
and consider the square

Starting with an element o € X (a), the top right composition gives the element
Y(©)(f(a,0)), while the left bottom composition gives fu x(p)(0)). But now,
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recall that the collection of f(, ») formed a cocone. Since ¢ gives a map in A/X
from (b, X(¢)(0)) to (a,0), we must have a commutative diagram

hbh—>h

fe, X(w(k A )

But now the Yoneda lemma (more specifically, naturality in the first variable)
tells us that commutativity of this diagram implies the equality Y (¢)(f(a,0)) =
J.x(p)(0))- This is the desired equality, and we deduce that f: X > Y is
indeed a map in A. (Note that from now on, whenever such a map is to appear,
we will simply denote it f.

Now that we now that fis a map of presheaves, let us prove that it factors
the cocone. Consider the diagram

_—
ha fla,o) Y

By construction, fo o= fa(o) = f(a,0) Where the first (and last) equality are
to be understood under the identification allowed by the Yoneda lemma.
Unicity of the factorization remains to be proven. Assume that g: X — Y is
some other map in A making the diagram (5.3) commute. Then, commutativity
of the diagram impose that g,(c) = f(4,0) for all a € obj(A) and o € X(a), but

this precisely means that fz g. Which concludes the proof. O

Remark 5.3.9. The proof above may seem obscure, at least at first glance. Once
one get used to the Yoneda, it should appear for what it is: a tedious back and
fourth through the Yoneda lemma, but containing no new ideas.

Ezercise 67. Define a functor El: A — Cat sending each object X of A to its
category of elements A/X.

Exercise 68. Let f: X — Y be a map in the category of presheaves A. Let
Dx: A/X — Aand Dy: A/Y — A be the functors of Proposition 5.3.8. Let
Qa,0): Dx(a,0) = X, for (a,0) € obj(A/X), and B(4,y: Dy(a,7) = Y for
(a,T) € 0bj(A/Y) be the corresponding colimit cones.

1. Show that the collection B4 f,(0)) © Idp,: Dx(a,0) — Y, for (a,0) €
obj(A/X) forms a cocone on Dx.

2. Show that map X ~ lim Dx — Y induced by the universal property of
—
the colimit is equal to f: X — Y.
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5.3.3 Overcategories of categories of presheaves

We conclude this section with the following useful observation.

Proposition 5.3.10. Let A be a small category, and X a presheaf on A. There
s an equivalence of categories.

(A)/X ~ (A/X)

Proof. We will define the functors by hand.
Let (Y, f) be an object of (4)/X. i.e. Y is a presheaf on A and f: Y — X

is a map of presheaves. We define F: (4)/X — (Z/}) on objects by sending
(Y, f) to the presheaf:

F(Y, f): (A/X)* — Set
(a,0) = (fa) (o) C Y (a)

We also need to define what F(Y, f) does to maps in A/X. Let ¢: (b,7) —
(a,0) be a map in A/X. Then we have the map of sets Y (¢): Y(a) — Y (b).
Furthermore, since f: Y — X is a map of presheaves, the following diagram
must commute.

Y(a) 1 X(a)

Y(W)J J{X(W)

Y(b) —— X(0)

Now, by assumption X(¢)(c) = 7, this shows that Y (¢)(fi (o)) C f; (7).

-1
Thus, we can define F(Y, f)(y) = Y(w):;zlgz F(Y, f)(a,0) = F(Y, f)(b, 7).
This defines the presheaf F (Y, f) on A/X. Now, assume that h: (Y, f) = (Z, g)
is amap in (A)/X. Then, by definition of the maps in an overcategory, we must
have h(f, 1(0)) C g, (o) for all objects (a,0) of A/X. Hence, we may define a

map of presheaves F(h): F(Y, f) = F(Z, g) via, for all objects (a,0) of A/X,
1,
F(h) o) = (ha) 720 F(Y. £)(a,0) = F(Z,g)(a,0)

~ o —

Ezercise 69. Check that the functor F': (4)/X — (A/X) is well-defined.

For the other direction, let Y': (A/X)°P — Set be a preasheaf on A/X. We
need to define an object G(Y') of (4)/X. We will define separately an object of
A, G1(Y), and a morphism of A, G2(Y): G1(Y) — X. Let a be an object of A,

and set
G(YV)(a)= ] Y(a,o0)
ceX(a)

Now, given a map in A, ¢: b — a, for each ¢ € X (a), there is a map ¢: (b, 7) —
(a,0) in A/X, with 7 = X(¢)(c). Hence, we have maps Y(¢): Y(a,0) —
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Y (b, 7). Those give a map

II Y@o)— ] v,

ceX(a) T€X (b)

where each component in the disjoint union in the domain is sent to exactly
one component in the disjoint union in the codomain. Now, for a an object of
A, define G2(Y),: G1(Y)(a) = X (a) as the map sending every element in the
component Y(a,0) C [l cx(, Y(a,7) to o € X(a). Naturality then follows
from the definition of G1(Y').

Ezercise 70. Check that (G1(Y), Go(Y)) is a well-defined object of (A)/X.

Now, assume that f: Y — Z is a map in (X/-}) Define G(f): G1(Y) —
G1(Z) as the map with value at an object a of A:

H Ja,0): H Y(a,0) = H Z(a,0)

ceX(a) g€X(a) g€X(a)

This gives a functor G: (ﬁ) - (4)/X.
Let us now check that F' and G are inverse equivalences. Let (Y, f) be an
object of (A4)/X, we compute, and let a be an object of A. We compute

(G1o F(Y, f))( H F(, f)(a,0)
ceX(a)
= 11 !
ceX(a)
~Y(a)

Where the last isomorphism follows from the observation that Y (a) = f; (X (a)),
hence Y (a) is a model for the disjoint union of the f;!(c), for o € X(a). To
make the isomorphism explicit, we may write an element in the disjoint union
Hoex) fat(o) as a pair (6,0), where § € f, (o). The isomorphism then
sends (0,0) to 6 € Y(a). This gives an explicit isomorphism (ay ))a: (Ga ©
F(Y, f))(a) = Y (a). Note that the collection of (a(y,s))a indexed by objects a
of A gives an isomorphism in A7 agy,fy: G1oF(Y, f) = Y. To see that a(y,y) is

a natural transformation (i.e. a morphism in 121\), let ¢: b — a be a morphism
in A, and consider the square

(v, 5))a
—

HUEX(a) fl;l(a') Y(a)

1£5 (X (@)(o)
(v, ){ lY(w)

oexy fo (1) ————— Y (b)

(aqy,p)e
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Starting with a pair (J, 0) in the top left corner, both composition give Y (¢)(9),
hence the square commutes, and we have proven that a(y,s) is indeed an iso-

morphism in A. Let us now show that it gives an isomorphism in (/T) /X, ie.
that the following triangle commutes.

GioF(Y,f) — ™,y
2OF(YN /

Let a be an object of A and (4, o) be an element of G1oF (Y, f)(a). i.e. o0 € X(a)
and § € f; (). Then, Gy 0 F(Y, f)(6,0) = 0 = f(6) = f o oqy,p)(0,0), which
proves commutativity of the triangle. Hence, we have proven that oy s): G o
F(Y,f) = (Y, f) is an isomorphism in (4)/X. It remains to be proven that
a: GoF —1d 3,y is a natural transformation. Let h: (Y, f) = (Z,g) be a

map in (A) /X, and consider the square

GoF(Y,f) "4 (v, 1)

GoF(h)J{ J{h

GoF(2.9) 557 (£:.9)

Starting with an element (§,0) € G o F(Y, f)(a) in the top left corner, the left
arrow gives (h(6), o) and applying oz 4) gives h(5). On the other hand, going
through the top arrow first and then the right gives 6 and then h(é), hence
the diagram is commutative, and we have exhibited a natural isomorphism
a: GonId(K)/X'

To complete the proof, one also needs to exhibit a natural isomorphism

FoG~ Id(A/X) We leave this part as an exercise.

Ezercise 71. Show that there exists a natural isomorphism F o G ~ Id( %)

O

Remark 5.3.11. The above proof may seem complicated, but the difficulty es-
sentially stems from unfolding every definition. The key idea is quite simple.
The data of amap f: Y — X is equivalent to the data of the fibers f~1(c) C Y,
for all 0 € X. The proof then repeatedly uses this observation, but on sets of
elements of presheaves, Y (a) and X (a) for a € obj(A).

Remark 5.3.12. The above proposition illustrates a key fact about categories
of presheaves. When one works in a category of presheaves, it is easy to stay
in the context of categories of presheaves. As we have just seen slice categories
in categories of presheaves are themselves categories of presheaves. We may
also show that if A and B is a small category, then Fun(A, B) is a category of
presheaves.

—

Ezercise 72. Show that Fun(A°P, E) ~ (A x B)
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This is one reason to care about category of presheaves. They enjoy nice
properties, and if one successfully reduces the study of some category of interest
to that of a category of presheaves, then those nice properties will stay true
even if one goes through extra constructions.

Ezercise 73. Reinterpret Exercises 5.1.6 and 5.1.7 as applications of Proposition
5.3.10.

Finally, let us summarize the constructions in this section with a complete
example.

Ezample 5.3.13. Consider the graph G with set of vertices V(G) = {a, b, ¢} and
set of edges {a, 8,7}, where sg(a) = s¢(B) = a, ta(a) = ta(B) = sa(y) = b
and tg(v) = c¢. It is represented in Figure 5.1. Let A be the small category
whose presheaves are graphs. i.e. A has two objects v and e and two non-identity
morphisms s,t: v — e. The graph G is an object of A (see Example 5.1.5), with
G(v) = V(G) and G(e) = E(G). We may compute A/G. By Remark 5.3.7, its
set of objects is in bijection with the disjoint union obj(A4/G) = G(v) [[ G(e).
To be consistent with the notations we used so far, we will denote the objects
as follows obj(A/G) = {(v,a), (v,b), (v,c), (e, ), (e, B), (e,v)}. Morphisms in
A/G are obtained from those of A. Since the only non-identity morphisms in
A go from v to e, the same will be true in A/G. Furthermore, we will have
a morphism s: (v,z) — (e,y) for z € {a,b,c} and y € {a, 5,7} if and only if
G(s)(y) = sg(y) = x. And similarly for ¢t. Thus, the non identity morphisms in
A/G are the elements of the following list.

o s:(v,0) = (e,7)
o t: (v,0) = (e, a)
o t: (v,b) = (e, )
o t: (v,¢) > (e,7)

Thus, all non-identity morphisms in the category A/G can be represented in
the following diagram

(v,¢)
/
(e,7)

(e, )
( >/ X< >/
vV, 0 v,b
\( m/
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Now, Proposition 5.3.8 states that the diagram Dg: A/G — A admits G as its
colimit. The diagram D¢ is also represented in Figure 5.1.

Now, we may consider the category Graph/G. By Proposition 5.3.10, it is
equivalent to the category of presheaves over A/G. To see this, observe that
an object of Graph/G is a graph H = (E(H),V(H),sm,ty) with a map of
graphs f: H — G. This map of graph amounts to two maps fg: E(H) —
E(G) = {a,B,v} and fy: V(H) — V(G) = {a,b,c}, with the compatibility
conditions that sg o fgp = fyy o sy and tg o fg = fy oty. Equivalently, we
may specify f by recalling the subsets (fg)~!(a), (fg)~1(B), (fg) "' (y) C E(H)
and (fv)~1(a), (fv)"1(b), (fv)"1(c) C V(H). Those sets correspond exactly to
the values on objects of a functor X: (A/G)°? — Set, if one sets X (v,a) =
(fv)~(a), and so on, for all objects in A/G. This corresponds to thinking of
vertices in H as being of one of three possible kinds, a, b or ¢, and arrows in H
of being of one of three kinds «, 5 or v. Where, for example, an arrow of the
kind 8 must have a source of the kind a and a target of the kind b. Now, we can
either think of this as some extra data specified on a graph H, or think of such a
structure as a different kind of graphs entirely (a specific kind of presheaf to be
specific), which is the data of 6 sets, X (a), X (b), X (c), X (a), X(8), X () (three
kinds of vertices and three kinds of edges) and 6 maps, X(s): X (o) = X(a),
X(s): X(B) = X(a) X(s): X(v) = X (), X(¥): X(a) = X(b), X(t): X(B) —
X(b) and X (t): X(v) = X(c), (one source morphism and one target morphism
for each kind of edge). But this second point of view corresponds exactly to the
data of a presheaf on A/G.

5.4 Computations in categories of presheaves

As previously stated, the main motivation to study categories of presheaves
is that they enjoy very good properties. In this section, we list two of those
good properties. The first is that categories of presheaves are complete and
cocomplete and that their (co)-limits are very easy to compute. The second is
that functors between presheaf categories (or more generally from a presheaf
category) are very easy to define, and in fact, often come in the form of adjoint
pair for free.

5.4.1 Limits and colimits in presheaves

Definition 5.4.1. Let A be a small category, and a be an object of A. We
define the evaluation at a functor, ev,, as follows.

eva:ﬁ%&
X = X(a)
f1 X =Y fi: X(a) = Y(a)

Given a map ¢: b — a in A, define the natural transformation ev,: evg —
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Figure 5.1: The directed graph, G of Example 5.3.13, and its associated dia-
gram Dg: A/G — Graph below. Morphisms in the diagram are represented
by dashed arrows, while the solid arrows correspond to the representable graph
associated to e € obj(A).
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evy, defined at an object X ofg as
(evp)x = X(p): X(a) = X(b)
Ezercise 74. Check that evy: ev, — evy is a natural transformation, for any

map ¢: b— ain A.

Intuitively, the evaluation at a associates to a presheaf its set of a-elements.
Now, a very important fact is that (co)-limits in the category of presheaves
are computed object-wise, that is to say, they commute with the evaluation
functors.

Theorem 5.4.2. Let A be a small category, and D: T — Abea diagram of
presheaves. Then, lim D and lim D exist, and for any object a in A, we have
«— —
eva(lgn D) ~ lgn(eva oD)
h_r)n(eva oD) ~ eva(h_I}l D)

In order to make the proof of the above theorem clearer, let us state explicitly
a simple but useful lemma.

Lemma 5.4.3. Let D,D’': T — C be two diagrams which admit limits, and
f: D — D’ be a natural transformation. Then there exists a unique map in C,

lim f: lim D — lim D’
P pa —

such that for any i € obj(Z), the following diagram commutes.

lim f
limD —— lim D’
— —

’ |

D(i) —— D'(i)

Where the vertical arrows are the arrows forming the limit cones on D and D’
respectively.
Similarly for the colimits, there exists a unique map

lim f: lim D — lim D’.
— — —

Proof. Let a;: lim D — D(3), for i € obj(Z) be the maps giving the limit cone
pin
on D. Observe that the compositions f; o a;: lim D — D’(i) form a cone on
pan
D’. Thus, there exists a unique factorization through the limit lim f: lim D —
— —

lim D’.
—
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For the colimit claim, let §8;: D' (i) — hmD () be the colimit cocone on D’.
The composition ;o f;: D(i) — lim D’ glves a cocone on D, thus the universal
—

property of the colimit gives a unique map
lim f: lim D — lim D’
— — —
which concludes the proof. O

Remark 5.4.4. When C is complete, we can simply observe that lim f is nothing
pun
more than the functor lim applied to f, from Proposition 4.3.14. Now, observe
pun

that the above statement is slightly more general, since we only need the limits
of D and D’ to exist, not necessarily all Z-shaped limits. Finally, observe that
the proof of Proposition 4.3.14 already contained a proof of the above Lemma.

Proof of Theorem 5.4.2. Let D: T — Abea diagram of presheaves. Define
the limit presheaf X : A°? — Set as follows. For an object a in A, set X (a) =
lim(ev, 0 D), with limit cone given by maps (8%);: X (a) = ev,0oD(i) = D(i)(a).
—

Now, given a map ¢: b — a in A, compose D with the natural transformation
evy: ev, — evy to obtain the natural transformation ev,D: evgooD — evy o D.

By Lemma 5.4.3 this natural transformation induces a map between the limits.
We define X () to be that map.

X(p) = IEDGVWDZ liineva oD — liinevb oD.

Now, let us construct a cone on D. Let i be an object of Z. We want to define

amap a;: X — D(i). In order to do so, we must define maps («;),: X(a) —

D(i)(a) for all objects a in A. But, by definition X (a) = limev, o D, thus we
—

can just take (o;)q = (6%)i: X(a) — ev, 0 D(i) = D(i)(a). Now, let us show
that «;: X — D(4) is a well-defined map in A. To see this, let ¢: b — a be a
map in A. We need to show that the following square commutes

X(a) %% D(i)(a)
X(@):ligleval lD () =(ev, D)
X() = D)

But this follows exactly from the definition of X(¢) as limev,D. Hence,
+—

o;: X = D(i) is a map in A.
Now, we want to show that the a; form a cone on D. Let ¥: i — j be a
map in Z, we need to show that the following diagram commutes.

/ \ (5.4)

'—>
(7) D) D(j)
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But, commutativity amounts to the equality between natural transformations
D(d)) o = Q.

However, to prove such an equality, it is sufficient to check it at each object a
in A. Going back to the definition of X (a) as a limit, we get.

D(w)a o (ai)a = D(w)a o (ﬂa)i = (BQ)J = (aj)a-

Hence, the diagram (5.4) commutes, and the «; form a cone.

Finally, let Y be a presheaf on A and v;: Y — D(i) be a collection of
maps in ﬁ, for ¢ € obj(Z) forming a cone. Let us show that this cone factors
uniquely through a map f: ¥ — X. Let a be an object of A. We construct
fa:Y(a) = X(a) as follows. By assumption, the (y;), for ¢ € obj(Z) form a
cone on D, thus if we apply ev, we see that the (v;), form a cone on ev, o D.
Thus, we get a unique factorization f,: Y (a) = evy (V) — liin ev, 0D = X(a).

The last thing to check is that f is indeed a map in A. Let @: b— a be a map
in A. We need to check commutativity of the following square

Y (a) SELEN X(a) =limevg oD
—

Y () lX(ga):lién ev,D

Y (b) — X(b) = liinevb oD

We want to compare two maps, X (¢) o f, and f; o Y(¢), whose codomain is a
limit. Hence, it is sufficient to show that their postcomposition with the (3%);
are equal, for all i € obj(Z). Let i € obj(Z), and consider the diagram

(Vi)a

Y(a) = x(a) % D(i)(a)
Y(s@)l lxw lD(i)(w)
y(6) — x () 225 D)

\_/

(vi)o

By assumption, the top and bottom triangles are commutative. Furthermore,
since 7y; is a map in A, the outer rectangle is commutative. Finally, by construc-
tion of X (¢), the right square is commutative. Thus, we deduce that

(B%i0 froY () =D(i)(p) 0 (B*)io fo = (B0 X(p)o fa

Since the above is true for any i € obj(Z), we must have, X(p)o f, = fooY (p).
This shows that f: Y — X is indeed a factorization in A. Since it was already
unique objectwise, it must be unique, which concludes the proof for the case of
the limit.

The proof for the colimit is very similar, and is left as an exercise. O
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5.4.2 Kan extensions

Proposition 5.4.5. Let A be a small category, and C a cocomplete category.
Let F': A — C be any functor. Then there exists a pair of functors, F*:C — A
and Fy: A — C such that

o The pair Fy 4 F* is an adjoint pair,
e there is a natural isomorphism Fioy ~ F.

Furthermore, the pair Fy 4 F* is uniquely determined by the above properties
(up to natural isomorphism).

Remark 5.4.6. We can summarize the previous statement through the following
diagram.
A-1Lse¢

Given any functor F': A — C, from a small to a cocomplete category, there
exists a unique way (up to natural isomorphisms) to extend this functor to a

functor Fi: A — C. The functor F) is furthermore the left adjoint to some
functor F*: C — A.

Before moving on to the proof, consider the following exercise, that will be
used in the proof.

Exercise 75. Let D: 7 — C be a functor from a small category Z to some
category C, and let X and Y be two objects of C. Write Hom¢(D,Y) for the
functor

Home(D,Y): I°° — Set
i — Home(D(4),Y)
g i = j o Home(D(),Y)
and write Home (X, D) for the functor

Home (X, D): T — Set
i — Home (X, D(4))
w: 11— j+— Home(X, D(p))

1. Assuming that lim D exists, show that there exists a bijection, natural in
—

X (hint: this is exactly the unique factorization property of Alternative
Definition 4.2.8)

Home (X, lim D) ~ lim Hom¢ (X, D)
«— —
2. Assuming that lim D exists, show that there exists a natural bijection:
—

Home (lim D, Y) ~ lim Home (D, Y)
— P
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Proof of Proposition 5.4.5. The easiest functor to defined is the right adjoint
F*:C — A. Let Y be an object of C. Since we want F* to be a right adjoint,
we must end up with a natural bijection

Home (Fi(X),Y) ~ Hom z(X, F*(Y))

For X an object in A. However, by assumption F extends F', which means that
for any object a in A, we must have Fi(h,) ~ F(a). In particular we must have

Home (F'(a),Y) ~ Hom z(ha, F*(Y)) ~ F*(Y)(a)

Where the last bijection is the Yoneda Lemma (Theorem 5.2.3). Thus, we see
that the definition for F*(Y') has to be

F*(Y): A°® — Set
a — Home (F(a),Y)
v:a— b Home(F(p),Y): Home(F(b),Y) — Home(F(a),Y)

Thus, we may write F*(Y) = Hom¢(F(—),Y). Given amap f: X — Y in C,
the map F*(f): F*(X) — F*(Y) is then defined as F*(f) = Hom¢(F(—), f).

Ezercise 76. Make explicit the definition of the functor F*: C — A\, and check
that it is indeed a functor.

Now, to define F: A C, observe that if it is to be a left adjoint, then it
must preserve colimits, by 4.4.17. Thus, if we impose Fi(h,) = F(a), for all
a € obj(A), since every objects of A is a colimit of representables, this should
uniquely define the functor Fi. Let us make this intuition explicit. Let X be an
object of A. Recall the category of elements of X, A/X from Definition 5.3.6.
Consider the functor D% : A/X — A sending an object (a,0) in A/X to the
object a of A, and now consider the composition F o D,: A/X — C. Since C
was assumed to be cocomplete, we may define

F(X) =limFo DY
—

Now, let f: X — Y be a map in A. We need to define Fi(f): Fi(X) — F(Y).
To do so, for (a,7) € obj(A/Y), let B4 7 : F o Dy (a,7) = Fi(Y) be the maps
forming the colimit cocone. Now, for (a,o) € obj(A/X), consider the composi-
tion Ya,0) = Ba,fu(o)) ©1dp(a): F oD (a,0) = F oDy (a, fo(o)) = Fi(Y). This
forms a cocone on F o D’. Indeed, if ¢: (a,0) — (b,0’) is any map in A/X,
then ¢: (a, fo(0)) = (b, fp(c’)) is a map in A/Y. Hence, in that case we have
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commutativity of the following diagram

Y(a,o)

Idp(a
F oD% (a,0) N F o D (a, fo(o))

5<a,m

F(p) F(e) R(Y)

5<b,fV

F oD (b,0') g FoDy(b, fo(0")

Vv,0")

and in particular, the outer triangle is commutative, thus the v, ) form a
cocone on F o D'.. This produces a unique map Fi(X) — Fi(Y).

FExercise 77. Check that the functor F: A = C is well-defined.

We have already explained in the process of constructing F* and Fi how
they must be unique, so the only thing remaining to be proven is that they
form an adjoint pair Fy 4 F*. Let X be an object of A and Y an object of C,
and consider the chain of bijections.

Hom z(X, F*(Y)) ~ Homg(li_an Dx,F*(Y))

zhinHomg(DX,F (Y))

— N / *

= lgnHomA(y oD, F*(Y))

~ lim Hom¢ (F o DY, Y)

«—
~ Home (lim F o D', Y)
—

~ Home(F(X),Y)
where the second and fifth bijections are applications of Exercise 75. The
fourth bijections is obtained as follows. If (a,o) is an object in A/X, then
y o Dx(a,0) = hg, and by construction, Hom 3(hg, F"*(Y)) = Home(F(a),Y).

Thus the functors Hom z(y o Dy, F*(Y')) and Home(F o D%,Y’) are naturally
isomorphic. The last step of the proof is left as an exercise.

Exercise 78. Check that all of the previous bijections are natural.
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Remark 5.4.7. In fact, the concept of Kan extensions is much more general than
what we presented here. We now outline the more general notion. Given the
data of two functors F': C — D, and G: C — &,

P

The left and right Kan extensions of F' along G, if they exist, are the data
of functors L,R: £ — D and natural transformation Ro G — F and F —
L o G, satisfying a universal property among functors & — D. In Proposition
5.4.5, we proved that the left Kan extension existed in a very specific case.
Namely, if G: A — A is the yoneda embedding, and D is a cocomplete category.
Furthermore, we proved that in that case, the natural map F — L o G was a
natural isomorphism and that L admitted a right adjoint.

The full notion of Kan extension is much more general, and ubiquitous. In
fact, in his classical book on category theory, MacLane even titled one of his
chapter ”All concepts are Kan extensions” | , Chapter X.7]. Note that
Kan extensions can be defined (and/or shown to exist) through adjunctions,
through certain computation of limits or colimits (as we did in Proposition
5.4.5) or some other way. But conversely, adjunctions and limits can be seen
as particular incarnation of the concept of Kan extension. See [ , Chapter
X] for more details.

5.4.3 Functors between categories of presheaves

In this last subsection, we use the result of the last section to produce many
functors between categories of presheaves.

Definition 5.4.8. Let F': A — B be a functor between two small categories.
Precomposition with F induces a functor

F*:B—> A
X—=XoF
FiXSY = fF:XoF 5YoF

Proposition 5.4.9. Given a functor between small categories F': A — B, the
functor F* admits both a left adjoint F: A— Banda right adjoint F A— B.

Proof. We will write ya: A — A and yp: B — B for the Yoneda embeddings.
Consider the composition F/ = ygo F': A — B. by Theorem 5.4.2, Bis a
cocomplete category. Hence, we can apply Proposition 5.4.5 to the functor F’
to produce a pair of adjoint functors Fy: A — B and (F")*: B — A. Let us
show that (F’)* and F™* are isomorphic functors, which will prove the existence



112 CHAPTER 5. CATEGORIES OF PRESHEAVES

of a left adjoint to F*. Let X be an object of E, and a an object of A. We
compute

(F")"(X)(a) = Homp(F'(a), X)
= Homp(yp o F(a), X)
= homp(hp(), X)
~ X(F(a))
=X o F(a)

where the only non-trivial isomorphism is given by the yoneda lemma. The
same computation for a map ¢: a — b in A shows that the above bijection
assemble to give an isomorphism ax : (F')*(X) ~ F*(X). Now, to see that « is
a natural transformation, recall that the isomorphism appearing in the yoneda
lemma (Theorem 5.2.3) is natural in both variables. Thus (F’')* ~ F*, and F*
admits a left adjoint. R

Now, consider the composition G = F*oyg: B — A. As we just did before,
we can apply Proposition 5.4.5 to G, to produce a pair of adjoint functors,
Gy 4 G*, with Gi: B — A and G*: A — B. It will be enough to prove
that Gy ~ F* to prove that F* admits a right adjoint. We define a natural
isomorphism §: Gy — F*. Let X be an object of B, we need to define for each
object a of A a bijection

(Bx)a: Gi(X)(a) = F*(X)(a)

But now, by definition of G) together with Theorem 5.4.2, we have a natural
isomorphism
Gi(X)(a) ~limev, 0o Go Dy
—

Where Dx: B/X — B is the diagram of elements of X. Now, observe that
by definition G = F* o yp, and ev, o F* = evp(,). Thus, we have a natural
isomorphism

Gi(X)(a) ~ liinevF(a) oypoDx

And the codomain of the above natural isomorphism is naturally isomorphic to
X(F(a)) = F*(X)(a) by Proposition 5.3.8 together with Theorem 5.4.2. Since
all of the above isomorphisms are natural with respect to both X and a, we
conclude that their composition (8x).: Gi(X)(a) = F*(X)(a) assemble into a
natural isomorphism §: Gy — F*. This concludes the proof. O

Ezercise 79. Let A and B be two small categoriesand F': A — Band G: B — A
be a pair of adjoint functors F' 4 G.

1. Show that F* 4 G* form an adjoint pair. (Hint: reason carefully with
units and counits of the adjunction F' 4 G).

2. Deduce that there is a chain of adjunctions and natural isomorphisms.

RAF ~GHAF, ~G" 4G,
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In particular, deduce that F, has a right adjoint and that G, has a left
adjoint.

Remark 5.4.10. In a lot of contexts, we may only care about the adjoint pair
Fy 4 F*. However, even in those case, knowing that a right adjoint to F™
exist may prove useful. First of all, because it implies that F™* must preserve
both limits and colimits (Propositions 4.3.15 and 4.4.17), and because it makes
statements such as the one in the previous exercise less surprising and easier
to parse. Note however that in those cases where we do not necessarily care
about the right adjoint to F'* it may happen that its left adjoint is denoted F,
instead of F (and its right adjoint is not even named) which may lead to great
confusion if one is not vigilant.
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